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Ether Squirts. 

Seing an Attempt to speeialize the form of Ether Motion whioh forms an Atom in a Iheory 

propounded in former Papers. 

By Kael Pearson, University Collège, London. 



RÉSUMÉ. 



In three previous papers (Oamb. Phil. Trans., Vol. XIV, page 71 ; London 
Math. Society's Proceedings, Vol. XX, p. 38 and p. 297) I hâve developed the 
results which flow from supposing the ultimate atom to be a sphère pulsating in a 
perfect fluid. I hâve shown that this hypothesis is not without suggestion for 
the phenomena of chemical affinity, cohésion, and spectrum analysis in the first 
paper ; that it can be applied to explain dispersion and other optical phenomena, 
as well as certain electrical and magnetic phenomena in the second paper ; while 
the fact that it leads to generalized elastic équations is developed in the third 
paper. In the présent memoir I hâve endeavored to show that ail thèse results 
still hold good if the pulsating sphère be replaced by an ether squirt which 
resists variations in its rate of flow. From whence the ether flows and why its 
flow resists variations are problems which, as they fall outside the range of physics, 
I leave to the metaphysicians to settle. The ether squirt as a model dynamic 
System for the atom seems at any rate to possess the property of simplicity. But 
the action of one group of ether squirts upon a second group leads to équations the 
complexity of which seems quite capable of paralleling any intricacy of actual 
Nature. The main portion of this paper is devoted to an investigation of inter- 
atomic and inter-molecular forces, and brings out the striking influence in producing 
cohésion of 'kin-atoms' in différent molécules. Thus if A % B and A^B' represent 
two molécules compounded of two A atoms and one B atom, it is shown that the 
inter-atomic action of A on A in the first molécule is largely influenced by the 
action of A! in an adjacent molécule. In many cases the term which A n s action 
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produces in the atomic action of A on A is as important as that of A upon B. 
The effect of this action of kin-atoms in différent molécules is shown to lead to 
the ' hypothesis of modified action ' and to ' multi-constant ' équations of elasticity. 
Its déniai of the literal truth of the Second Law of Motion is also discussed, and 
its application to certain gênerai problems of cohésion dealt with. 

The law of gravitation and the theory of the potential are shown to be more 
intelligible on the ether squirt theory than on that of the pulsating sphère as 
developed in §§51—9 of my first paper. 

On a Certain Atomio Hypothesis — Ether Squirts. 

1). " It has become the fashion," said Professor Fitzgerald in his Bath 
address to the British Association, " to indulge in quaint cosmical théories and 
to dilate upon them before learned societies and in learned journals. I would 
suggest, as one who has been bogged in this quagmire, that a successor in this 
chair might well dévote himself to a review of the cosmical théories propounded 
within the last few years. The opportunities for piquant criticism would be 
splendid." 

The pleasure of " bogging oneself in this quagmire" is so great that even 
piquant criticism cannot restrain me from adding another quaint cosmical theory 
to the many that already exist. This hypothesis may be briefly summed up in 
the statement : that an atom or the ultimate élément of pondérable rnatter is an ether 
squirt. (See Clifford's use of the term 'squirt/ Eléments of Dy nantie, I, p. 214.) 

2). As it is well known, the vortex theory of matter reduces the ether to a 
perfect fluid, and endeavors to build up matter by some form of motion in this 
fluid. The infinité variety of motions which a perfect fluid is capable of, suggest 
ail sorts of rotational or even irrotational forms which may account for matter. The 
great beauty of ail such fluid motion solutions is their réduction of the physical 
universe to a single impondérable médium ; they avoid dualistic explanations of 
natural phenomena. As, however, no suflficiently simple vortex origin of matter 
has yet been formulated, many scientists, notably Sir William Thomson, hâve, 
for the practical purpose of explaining optical phenomena, fallen back for the 
présent on mechanical molécules. The mechanical molécule of Thomson, while 
of great assistance to the understanding of many facts of dispersion and absorp- 
tion, undoubtedly possesses chemical disadvantages ; it présents no obvious mode 
of disassociation. On the other hand, Lindemann has recently shown that it can 
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be used effectively to explain various phenomena of magnetism and electricity. 
He, however, assumes the ethereal médium to be of the nature of a perfect fluid. 
The Thomson-Lindemann atoms and molécules thus show us so far only com- 
plex mechanisms, and raise the not unnatural répugnance of the philosophical 
mind to a dualistic theory of the universe. 

3). In a paper published in the Oamb. Phil. Trans. (Yol. XIY, page 71), I 
hâve endeavored to explain certain optical and chemical phenomena by treating 
the ether as a perfect fluid and supposing the atom to be a differentiated part of 
the ether, which, as a first approximation, may be considered of spherical form 
and the surface of which is capable of pulsation. I did not venture upon any 
suggestion as to the nature of this differentiated portion of the ether. I merely 
suggested that it possibly might be .explained as an ether vacuum with surface 
energy. AU that I required was a surface in the ether approximately spherical 
and capable of pulsation. In a later paper I hâve shown that most of the results 
which flow from the Thomson-Lindemann atom, together with a ready explanation 
of disassociation, could be obtained from the pulsating atom. The molécule 
based upon it seemed to me to hâve distinct advantages over the complex 
mechanism of their spring-shell molécule. In the présent paper I suggest a 
kinematic fluid origin for the pulsating spherical atom. The sort of fluid motion 
which I hâve chosen is an irrotational one, and therefore one capable of far more 
ready handling than a vortex-sponge System. The difficulty of course arises as 
to how rays of light are to be propagated by transverse vibration in such a fluid 
médium, but then that difficulty also occurs in the vortex theory when it treats 
the ether outside the vortex atom or matter as a perfect fluid. It may also be 
urged against Lindemann's arguments which largely dépend on the perfect fluid 
motion of the médium outside the spring-shell atom. Perhaps the perfect fluid 
is turbulent. 

At the same time it may be remarked that our theory does not absolutely 
require the ether to be a perfect fluid. It supposes only: (1) that its velocity 
at any point is the differential of a certain function i|/ with regard to the direction 
of the velocity, or if u, v, w be the velocity components, 

d/fy dty dr\> . , 

dx ' dy ' dz ' 

(2) that the ether is incompressible and continuous except at points occupied by 
'matter,'or du dv_ t dw__ Q (2) 

dx ' dy ' dz ' 
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Lastly, it assumes : (3) that the kinetic energy of the wJidle system is given by the 
same expression as in the case of a perfect fluid ; that is, 

Kinetic Energy = — \ p / ^ -^- de , (3) 

where the intégration is to be over the surface of ail ' matter,' and n is the 
direction of the normal at the élément da of such surface, its positive sensé being 
toward the fluid, p being the density of the médium. Whatever the nature of 
the ether, this is obviously an irrotational motion, but beyond the above assump- 
tions it is not necessary to consider the ether as identical with a perfect fluid. 

4). Now the results of the paper to which I hâve referred above were obtained 
by supposing the spherical atom to hâve certain surface pulsations ; that is, the 
velocity of the fluid at the surface of the atom was supposed to be given and 
equal to the surface velocity of the particle of ' matter ' there situated. Now 
we should hâve obtained precisely the same équations had we supposed a flow of 
the ether over the surface of the atom with the same velocity as that with which 
we endowed the atomic surface. Now this might arise from two causes, either 
(a) we may suppose a source or sink of ether inside the atom, the ether itself 
being incompressible ; or (b) we may suppose the ether at the atom to be com- 
pressible, and the atom might be treated' as an élément of ether in the ' gaseous 
state,' a bubble of ether vapor in ether — just as we might hâve a bubble of the 
vapor of a substance in its liquid at certain températures and pressures. The 
difficulty of this latter explanation is really its dualistic character ; it throws back 
the explanation of gas and liquid on something pre-ethereal and tends to suggest a 
second ether to explain the first. 

On the other hand, our first hypothesis, especially when we simplify our 
atom by reducing it to a point, so that it really coincides with the source or sink, 
has a good deal to recommend it ; it very much reduces the terms which appear 
in the expression for the kinetic energy of both atoms and ether; it retains, how- 
ever, the terms that appear to be really necessary, and it renders thèse terms 
absolutely accurate instead of only approximations. It is, supposing it will 
suffice to explain physical phenpmena, an extremely simple monistic hypothesis : 
the fluid médium in irrotational motion is the primary substance, the atom or 
élément of matter is a squirt of the same substance. From whence the squirt 
cornes into three-dimensioned space it is impossible to say ; the theory limits our 
possibility of knowledge of the physical universe to the existence of the squirt. It 
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may be an argument for the existence of a space of higher dimensions than our 
own, but of that we can know nothing, and we are only concerned with the flow 
into our own médium, with the ether squirt which we propose to term ' matter.' 
Some idea of the theory may be obtained in the following manner : Suppose a per- 
fectly smooth métal plate on which are placed any number of électrodes capable 
of free motion on the surface of the plate, then if thèse were sources and sinks for 
electricity passing in and out of the plate, they would move each other about, 
and in doing so they would move the really immaterial sinks and sources in the 
plate. To a being in the flatland provided by the electric médium of the plate, 
thèse really immaterial sinks and sources would appear to be centres which 
mutually accelerated each other, i. e. he would suppose them endowed with 
force, or, as seats of force, he would properly term them matter. The ether 
squirt in three-dimensioned space is endowed in the same way with the proper- 
ties of ' matter.' It possesses, besides, ail the singular merit of the Boscovichian 
atom, i. e. it is for theoretical purposes a mathematical point. 

Of course we cannot understand what is the exact meaning of both the ether 
potential 4* ar >d the ether velocity becoming infinité at the squirt or élément of 
matter, but this difficulty would be a like puzzle to the dweller in the electric 
plate to which I hâve previously referred. 

If the ether be incompressible, the total flow in and out at ail squirts must 
be zéro, or if this flow be proportional to the ' mass,' we find the total quantity 
of matter in the universe is constant, namely, zéro. This would involve the 
existence of négative as well as positive matter in the universe, but the law of 
gravitation as deduced from our theory tells us that there must be a large pré- 
pondérance of matter of like sign in that part of the universe with which we are 
acquainted. It is quite possible, however, that matter outside the solar system 
may be of a différent sensé, or even perhaps the ring of a planet be composed of 
matter of a différent sensé to the matter of the planet itself. The principle of 
the indestructibility of matter would reduce to the obvious theorem that we 
cannot stop the flow of any squirt, without a like flow coming into our space 
somewhere else — expérience tells us, in the immédiate neighborhood of the old 
squirt. We can vary the flow of any squirt and so obtain positive and négative 
electricity, but we cannot, so far as our présent expérience goes, create positive 
and négative matter — an ether source and a sink — at a point where there was 
previously no squirt at ail. 
40 
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5). In the following discussion the flow of any squirt will not be considered 
a constant, only its mean value over some long or short interval will be ; thus the 
expression for the flow may contain periodic ternis due either to variations charac- 
teristic of the nature of the particular squirt, or to variations forced upon it by 
the vibratory character of the flow of adjacent squirts. Thus if V s be the velocity 
of flow of the ether just by the s th squirt, we shall hâve 

T 7 "* = a v s + iV s sin (n x t + o^) + z v s sin (n z t + a 2 ) + 3 v s sin (n 3 t + a 3 ) + etc. (4) 

Hère the constant terni will be used to explain gravitation, the enforced periodic 
variations to throw light on chemical affinity and cohésion, while other vibra- 
tional terms will be suggestive for optical and electrical phenomena. 

6). Let r 1( r % , r 3 , .... r s , ... . be the distances of any point in the ether 
from the l st , 2 d , 3 a , . . . . s th , .... squirts, then a suitable solution of équations 
(1) and (2) is 

^ = ^H--^- + -^+ +-^ + (5) 

where A t , A 2 , A 3 , .... A 8 , ... . are any constants. To détermine thèse, let 
Qii Qzi • • • • Q3, - • • • be the instantaneous rates at which ether is flowing in at 
the l st , 2 d , . . . . s th , .... squirts, then we hâve 

>34> 



Qs—Jd^r r * da > = 47tr»T^p, 



where r s is to be taken very small and the intégration is to include ail the solid 
angle round the s th squirt. Since r% is to be taken very small, we find for the 

limit Q 8 = — 47tA s , 



or 



* 47tp l r, ^ r 3 ^ r 3 ^ + r 8 + ' ' ' * J ' W 



Now if Q s were finite, V s would become infinité when we make r s vanish- 
ingly small. In order to avoid this, we shall assume V 3 to be the radial velocity 
of the flow on the surface of a very small sphère of radius a s surrounding the 
squirt, this sphère being taken so close that it only encloses its own squirt, and 
that the whole flow may be considered radial and uniform over its surface. We 

thus find Vg — Q s /47ta 2 8 p. (7 
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We proceed now to détermine from (3) the entire kinetic energy of the Sys- 
tem ; we hâve, da being an élément of solid angle, 

Sn J \ r x r % ^ r, J 

* 1^ (if w. + ~r\ d£ + — + ~w + — ) r ^> 

the summation extending over ail values of s from 1 to « and r s being put in 
each case very small in the limit. Thus we hâve 

**= issWtè + * +••■•+ f + • • ' > 






|2 



47tp y ss , 87tp a s 

where in the first summation s and s' are to take ail possible différent values and 
y u , i s tne distance between the s th and s /th squirts, and in the second summa- 
tion we are to sum for ail squirts. The ternis of the last summation would 
become infinité if we did not exclude the volume of the fluid absolutely at the 
squirt. Substituting for Q s in terms of V s , we find 

K.E. = Z2n 9 a*Vï + ïï?^V s V sl . (8) 

This is the total energy of the ethereal médium excluding small spherical éléments 
in the immédiate neighborhood of the squirts. It agrées with the resuit obtained 
in Art. 14, p. 8 2, of the first paper on pulsating atoms (Camb. Phil. Trans., Vol. XIV) 
as a first approximation to the kinetic energy. It has therefore two advantages 
over the resuit given in that paper : it is no longer an approximation, but accu- 
rate so far as the hypothesis reaches; and farther, V â need not be, like the <£>„ of 
the notation of that paper, merely periodic; it may contain a constant term, 
which would hâve involved rupture in the case of the pulsating spherical atom. 

7). Let us deal first with the mean velocity of flow from the squirt across 
the surface of the small sphère of radius a s . This we hâve represented by v s . 
Since this does not vary with the time, it cannot arise in any équations— such as 
the Hamiltonian équations — deduced from the kinetic energy by varying the 
time. Hence it will not arise when we consider the forced variations in the flow 
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of the squirts. It contributes terms to the kinetic energy of the System depend- 
ing upon the mutual distances of the squirts 

___ y. 4:7tç>alalr v 80 v s , 
— 1 v g»g«' 

if q s be the mean rate at which ether is poured in at the s th squirt. 

Now let us define ' mass ' to be the " mean rate at which ether is poured in 
at any squirt." Then we hâve the following resuit : 

There is an attractive force between any one élément of matter and any other 
élément of matter, varying directly as their masses and inversely as the square of 
their distance. 

This is the ordinary law of gravitation. The constant l/47tp may either be 
taken as a constant of attraction or in the form -\/l/47tp as a factor of mass. 

If we write +/l/4npq a = m s , we hâve, confining our attention to one élément 
of matter rn s , the following terms in the kinetic energy : 

m s 2 



Now this élément of the kinetic energy of the ether appears as potential energy 
when we leave the ether out of sight — thus, the potential energy of gravitating 
bodies is disguised kinetic energy of the ether. The potential of a number of 
elementary masses at any point not occupied by one of them is of the form 

m, on^ rns , 

I -. ~T~ ~, I • • • • i 



n n r 3 

or remembering the values of rn 1 , <m % , etc., we see that this is equal to the mean 



value of — ^xf 47tp for the same set of elementary masses : see équation (6). Thus 
the gravitational potential differs only by a change in sign and a constant factor 
from the velocity potential of the ether at the same point. It thus obtains a 
definite physical meaning with regard to the ether. Further, we note that if an 
élément of matter (or a squirt) be placed at any point of a field in which there are 
other gravitating éléments, their effect on the new élément is to cause it to move 
along the line of now of the ether at that point due to the gravitating system ; 
that it moves with an accélération proportional to the speed of the ether flow 
but in an opposite sensé. Most of the properties of the potential are thus capable 
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of being stated in language involving either the kinetic energy or local motion 
of the ether. 

8). Leaving the gravitational terms, let us endeavor to form équations for 
the forced vibrations in a set of ether squirts. Hère a difficulty arises at the 
very outset, owing to our ignorance of why and how the ether is injected into 
the ethereal médium. Let us suppose p s to represent the amount of ether injected 
from a given epoch up to the instant in question through the s th squirt, then 
obviously the time variation of p s , or p s , is what we hâve written Q s . Thus the 
kinetic energy may be written in the form 

K.E. = ^Z^ + ~Z 1 ^ L - (9) 

87lp a s 47tp y sa , K 

Now the équations for the forced vibrations in the flow of the squirt will be 
meaningless unless the squirt tends to resist variations in its rate of flow. But 
we do not know why it flows, much less the reason why only a limited variation 
is permissible in its rate of flow. That dépends on the state of affairs outside 
the space which is alone sensible to us and with which we can deal. We can, as 
it were, only guess at the 'potential energy' of our atom, which lies outside our 
space. On the ether squirt hypothesis, the mechanism of the Ding-an-sich is 
beyond our control or inspection. One thing, however, is obvious, if the theory 
is to apply to facts as we understand them, only a slight change in the rate of 
flow is possible, and the phenomena of the spectrum, especially on the " single 
bright line " theory of an absolutely disassociated atom, lead us to believe that 
this variation is periodic and characteristic for each individual atom. This sug- 
gests and in part justifies our adding to the total energy of the System a poten- 
tial energy of the form 

^<(p s -g s tf. 

For this gives a ' force ' at the s th squirt tending to resist variation of its rate of 
flowequalto <(p s — q s t), 

or proportional to the amount which the forced vibration has drawn from the 
ether-store of the particular squirt over and above its ordinary gravitation allow- 
ance. We hâve termed this 'potential energy,' but just as we hâve banished 
potential energy by our hypothesis from the space under our control, so we 
might replace this by kinetic energy if we were able to include the unknown 
system outside our space. 
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Thus the différence L of the kinetic and potential énergies of the system, 
supposing there to be no motion of translation, is given by 



ss' 



Hence, applying Lagrange's équations, we obtain for the typical vibrational 

équation 1 -• , 1 T iv . , , „ ,\ — n 

4npa,P* + i^^T" + *•(?• — &) - °' 

Let ^ = p - q st \ then we haye 

^ g /a s + %'4> s ,ly ss , + tt^ s = 0. (10) 

This is practically identical with the typical équation by means of which I hâve 
endeavored, in Arts. 14-25 (pp. 8 2-92) of my first paper, to represent the main facts 
of spectrum analysis. It is also the équation which leads on a fairly plausible 
hypothesis to a formula for the dispersion of light passing through a médium 
composed of such ether squirts exactly similar to that found by Thomson and 
Lindemann in the case of a spring-shell molécule (see my second paper, London 
Math. Soc. Proc, Vol. XX, p. 41). So far, then, the ether squirt is equally 
efficient with the pulsating spherical atom (or, for the matter of that, with the 
spring-shell molécule) in explaining optical phenomena. It is obviously much 
more suggestive for the problem of gravitation. We must turn now to its bear- 
ing on atomic and cohesive foi'ces. 

9). Tofind the atomic force between the s th and s' th atoms of a group of h atoms 
forming a molécule. 

Looking at équation (10), we observe that if two atoms were at a distance 
which was great compared with the radii of the small sphères by which we hâve 
enclosed each squirt (we may take thèse radii equal if we please ; they are not 
atomic radii,' for our atom is really a Bosco vichian point), then the summation 
term would vanish as compared with the other, and the flow of the squirt vary 
with its own characteristic period 27i/W s a s , or 27t/y s say. Hence in this case 

P* = q*t + G s cos {v s t -+■ a s ) . 

We hâve now to solve h équations of the type (10) which may be written 

$. + 2$„ -J*- + vl<p s = 0. (11) 
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or 



B.tf-n*) — 2B a ,n*-^-=0, 



(12) 



This gives to détermine — g- the determinantal équation 



21 



a» 



y 12 



7l2 ^18 



«3 
Y» 



T.! 



n' 



2 ' 



y» 
y» 



a. 



a 2 



1 — 






= o. 



(13) 



y» y«& 

The roots of w obtained from this équation substituted in (12) give the constants 
B s . In order to obtain some idea of the nature of the periods and the constants 
we may find approximations to their value in séries ascending by powers of a/y. 
We easily find as a first approximation to the s th root of the déterminant 



A 1 ^ ^s^s 



n, 



. .^T. ( 14 ) 

Y se' vï — K 

the summation extending to ail values of s' other than s. Further, if B a repre- 
sent the amplitude of the s th periodic vibration in the s th atom, we find 

B s v z a a a , 



B a ,= 



yw 



(15) 



Thus we hâve 

$, = B„ cos {n a ,t + &,) - 2 -t^s- %- cos (n a t + /?,) , (16) 

the summation extending to ail values of * other than s'. Thus finally we hâve 

(* ail values but s') 
w ri 1/ fi 

ï>s' = q,' — n S 'B*' sin (M + &') + S .'_'J» ^ sin (».* + &) , 

^« * *' y«*' 

(s' ail values but *) 

Vt f~i Tl Ct 

p a =q — n a B t sin (n,t + /?,) +2 J'J,' 'É - 1 - sin (n** + &,). 
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We must now return to équation (9) and substitute thèse values of p s and p a , 
in the term which involves l/y ss ,. This will give us the apparent force function 
TJ between the atoms. In order to ascertain its measurable value we must take 
its mean with regard to an interval of time embracing many vibrations, we 
easily find 

r. - - , nîvlBÎ a s , , ntvtJBl, a s 

mean of p s ,p s = q s ,q a — A- -J- 1 — f i § - \ — — 

nlBlv* a s a s , 

~r 2" ^ 



{y\ — v*,) (y\ — vf) y r8 , y rs 

{r ail values but s or s') 

The first term hère, q s q s , we may omit ; it gives rise only to the gravitation 

potential with which we hâve already dealt. Retaining terms only as far as the 

cube of a/y, we hâve 

„ . . , a s ,vîBl — a s ,vt,B\, 1 

mean oî p s p 8 , = i ' — 8 2 — - 

a s ,vîBl + a s vlBl a s a s , 



+ 



3 



K — vif y? s , 



v 6 B 

+ 42 



(V% V'i,)(vl V%) y rs ,yrs ' ' 

(r ail values but s or s') 

Thus for the attractive atomic force between the s tli and s' th atom we hâve, from 

-F ss ,= — dU/dy ss , 

a»,v\B\ — a a viBl 1 



T7T _ «- w 8"^8- t ^8 ^S^S 

+ 



a s ,v%B% -f- a s v%B\, a s a s , 



27tp (v* — v\,f yl 



8np (yl — v l,)( v l—vl) yl,y rs y T 



(17) 



This is the value of the inter-atomic force so far as the fifth power of the inverse 
of the atomic distance. Thus we find — 

(i). Atomic force varies partially as the inverse cube, partially as the inverse 
fifth power of the distance. 

(ii). The modifying action of other atoms of the same molécule (or of atoms 
within the range of chemical action) varies as the inverse fourth power of atomic 
distance, but only as the inverse square of the particular atomic distance of the 
two atoms between which we are measuring the force. 
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Thèse results are in complète agreement with those obtained for Atornic 
Forces in Arts. 31-41 (pp. 96-104) of my first paper. The 'chemical intensity' 
and the ' chemical affmity ' may be defined in precisely the same manner as in 
Art. 38 and the same explanations given of the laws of chemical combination 
and disassociation. Squirts act for atornic forces exactly as the pulsating sphères 
dealt with in that paper. 

10). Some gênerai remarks may, however, be made on the formula (17) for 
inter-atomic force. I hâve in this paper proceeded to a higher approximation 
than in Art. 37 of the first paper, and we see it introduces a term into the force 
between the s th and s' th atom which is next in importance to the cubic term 
and dépends upon the distances of those atoms from the r th atom. Thus what 
Jellett hàs termed the "hypothesis of modified action" holds for a System 
of ether squirt atoms. Now this warns us of the care which must be used in 
applying the literal interprétations of the définition of Force and of the Second 
Law of Motion to atoms. Let us examine this somewhat more closely. 

Force is any cause which tends to àlter a body 1 s natural state of rest, or of 
imiform motion in a straight Une. 

Now the s /th atom is a cause of such change of motion in the s m atom. It 
exerts a ' force ' upon it depending upon their relative positions. 

Now the Second Law of motion is often stated in the following manner : 

Whenever any forces wkatever act on a body, then, whether the body be originally 
at rest or moving with any velocity and in any direction, each force produces in the 
body the exact change of motion which it would hâve produced if it had acted singly 
on the body originally at rest. 

It is the last phrase of this law which gives rise to doubt. Force being 

defined as the cause of motion, it might be supposed from the law that we could 

superpose causes of motion without altering the effects they produce on the 

motion of the body when they act alone. But this is not true when we deal 

with atoms within the range of chemical action. The introduction of a third 

atom into a field containing two others not only introduces new forces between 

those two atoms, but profoundly modifies the force existing between the two 

first atoms. This was an impossibility so long as force was considered as some- 

thing inhérent in matter and the Second Law of Motion was intelligible in its 

literal sensé, but the moment we throw back force on the kinetic energy of the 

ethereal médium, then the force between any two éléments is dépendent not 
41 
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solely on the atoms but on the whole ethereal field. The true way out of the 
difficulty is to disregard the second law and treat the instantaneous accélération 
of any élément as a function of its position with regard to the whole of the 
surrounding field. Nor is this alone sufficient ; the forcé cannot in another sensé 
be identified with the cause of change in motion. The cause of accélération of a 
particular atom in the ether dépends not only on its position in the field, but also 
on its ovm motion, on its own periodic translatory and internai vibratory motions 
as well as on the similar motions of other atoms. Hence, if force be identified 
with the 'cause of change in motion,' it does not produce the same change when 
we place the atom in a state of complète rest. In fact, if we once got an atom 
into a state of complète rest, it would dénote complète rest of the ether in its immé- 
diate neighborhood, and thus no force could or would be ' acting upon it.' In fact 
there is little doubt that the atom would hâve ceased to be when thus brought to 
rest. There seems to me therefore considérable danger in the literal application of 
Newton's définition of force and his laws of motion to the mutual accélération of 
atoms. They seem to exclude the ' hypothesis of modified action ' as well as the 
existence of a generalized strain-energy, both of which I hope to show in a future 
paper arise from inter-molecular force involving the speed of the molécules ; such 
terms in inter-molecular force are really due to the kinetic energy of the ether. 
(See my third paper, London Math. Soc. Proeeedings, Vol. XX, p. 297.) 

11). Returning to formula (17), I need not rediscuss the possibilities it offers 
for explaining chemical actions, but I will draw attention to a new range of phe- 
nomena which possibly the introduction of the modifying term will throw some 
light upon. We will not consider the action of a third or fourth atom brought 
close to a molécule in breaking it up as in the first paper, but we will start with 
a molécule of h atoms and ask what physical changes can disassociate it. The 
force as the inverse fifth of the inter-atomic distance is always attractive, but it 
may be considered small as compared with the inverse cube term. On the other 
hand, a single term of the modifying force, while it vaiies as the inverse square 
of the distance, is vet of the inverse fourth order in mean inter-atomic distance. 
There are, however, any number of such terms, so that it may rise to equal 
importance with the cubic term if we take a sufficient number of atoms. Fur- 
ther, it has for its numerator a simple square of an amplitude, while the cubic 
term has the différence of two quantities involving the amplitudes squared. On 
both of thèse counts, then, they cannot in many cases be so widely différent in 
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magnitude, and slight variations in their relative magnitude may assist us in 
explaining various phenomena. I take two theoretical examples. 

(i). A and B are two atoms whose ' chemical affinity ' (see Art. 38 of my first 
paper) is négative. They cannot enter into a chemical combination. This means 
that the coefficient of the cubic term is négative. If their ' antipathy ' for each 
other be not very great, a third atom G (the ' r th atom ; ) may bring them into 
chemical union. For this purpose it is necessary that the modifying term should 
be positive and greater than the cubic term. In order that it should be positive, 
however, we must hâve v r either greater or less than hofh v s and v s >, or the single 
bright line of the atom which would link A and B together must not lie 
between the characteristic bright lines of A and B. On the other hand, if the 
' antipathy ' of A to B is somewhat greater we may require two, three or more 
atoms to hold them together by their modifying action on A and B's inter- 
atomic force. Thus ABC might be an impossible chemical union, but ABG 2 or 
ABC 3 possible. Further, since the amplitudes B s , B s ,, B r , etc., are probably 
fonctions of the surrounding physical conditions, as pressure, température, etc., 
it follows that under certain physical conditions ABG 3 might be possible and 
ABG % not, etc., etc. 

The disassociating effect of a third atom G on A and B when the chemical 
affinity of the latter is positive, may be discussed in like manner. In this case 
G's bright line must lie between those of A and B. Of course A and B, although 
they may now repel each other, may be still held together by the affinity of 
both for G, but this chemical combination will hâve very différent physical pro- 
perties from one in which A and B hâve themselves affinity. 

(ii). Suppose the atoms A, B, G in chemical union, then if the modifying 
term be négative and the cubic term (between A and B) be positive, it is con- 
ceivable that a change in the physical condition — especially a change in the 
température — without the introduction of any further atoms, will invert the 
order of magnitude or produce an antipathy between A and B. We may 
thus state the principle : If three atoms, A, B, G, are in chemical union, 
and A hâve a real chemical affinity for B, this affinity will be strengthened by 
the présence of the atom G if its bright line does not lie between the character- 
istic bright lines of A and B, but the affinity on the other hand will be weak- 
ened if the line does lie between those of A and B. Anything that tends 
to excite G or to cause its amplitude to vary more rapidly than those of A and 
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B, e. g. a wave of light or heat nearly of the period of its characteristic bright 
line — will thus in the corresponding cases largely strengthen or weaken the 
affinity of A for B . It may produce a more stable compound or it may lead to 
disassociation. Thus the effect of heat on a chemical compound receives con- 
sidérable light from the existence of the modified action term. 

12). We now pass to molecular force, or to the force between groups of atoms 
constituting two separate molécules. The peculiarity of such groups is that the 
now variation of an atom of one group is practically only affected by the atoms 
of its own group. If the atoms of one group are essentially affected by the atoms 
of another, then the groups really enter into a sort of partial chemical combina- 
tion with each other. This, which is hardly a possibility in the case of a rare 
gas, might, on the other hand, be to some extent true for a solid or liquid body. 
The cohesive forces might be to some extent chemical forces. Possibly in certain 
loose compound substances molécules may be chemically compounded, but the 
drift of experiment seems to be against this sort of union as a rule ; inter- 
molecular distance seems to be considérable as compared with inter-atomic distance, 
and the force between molécules to be thus of a différent nature to that between 
atoms.* At the same time the phenomena of fluted and continuous spectra 
warn us that it is quite possible that for a full explanation of even inter-molecu- 
lar action we may be thrown back on something of the nature of a chemical 
action between molécules. 

Let us suppose we hâve three molécules of the same substance each con- 
taining h atoms, and let r, r* and r" dénote any triplet of corresponding atoms 
of the three. We hâve first to détermine how far the vibrations of any one atom 
are influenced'by the existence of the other two groups of atoms. To do this we 
hâve to find the 3& periods given by the characteristic déterminant like (13), but 
in this spécial case every three roots of the déterminant corresponding to the 
characteristic periods of the three like atoms from each molécule will be nearly 
equal. Let v\la l =-t 1 , r|/a 2 = Tr a , etc. Then we hâve to solve the determi- 
nantal équation 

J_N ^_ _JL_ 

»* / ' yi, r ' " ri, 3k 

/ i _i_\ i 

^2 l ,,3 n i ) » ••"•«/ 

\ v v il / y %> 3k 



= 



f *Q 



A 




* See on this point W. Ramsay, Phil. Mag., 1887, p. 129, and his référence to van der Waal's views on 
the subject. 
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Hère, if v 1} v[, v" are the three equal constants for three like atoms in the three 
separate molécules, we require to find the values of n which differ only by a small 
quanti ty from v x . Let \\v\ — l/ra a = ^. Then, neglecting (/, we hâve to find (i 
from the équation 












1/71,34-1» l/72,3fc-l» • • • -*Sk-l (ri — 7x), l//3fc- 

\^3ft — 1 v l / 



1/71, *> i/y«,3»> • • • • 1/734-1,3*1 *3fc(;rr- — ^) 

N ^ ^1 / 






1,3k 






(18) 



The problem thus reduces to the folio wing one in pure mathematics : To expand 
the following symmetrical déterminant in powers of small quantities, where each 
constituent a r>s is small if r and s are différent, but only a n>n , a n _ 1>n ._ 1 , a„_ 2 n _ % 
of the diagonal constituents are also small, 



A = 



a 



'm, n 1 



«», » — 1> 



«» — !,«> «» — 1, m — 1 : 



• • «», 1 

• • a n — 1, 1 



«1,») 



Now 



«1, »-li 
1 to » — 1 



«1,1 

1 to n — 1 



^ — "l a n, n / «», r Pr, r 2 > a n< r a TOj g p rj s , 



(19) 



(20) 



where D x is the déterminant obtained by suppressing the first column and row 
and (3 ryS is any minor of D^ r being différent from s and ail values from 1 to 
n — 1 being given to them. 

Similarly if D % be obtained from D x as D x from A and so on, we hâve 



ltore — 2 



1 tom — 2 



-^1 — ^A-Ls-l / , a n-l,rPr,r 2 / «n-1, r«« — 1, sPr, s ; 

r rs 

1 tore — 3 ltora — 3 

-£> 2 U s a n _ 2, n — 2 / , a n — 2,rPr,r 2 > , «n. — 2, <•«« - 2, sp 



II 
'r, s ' 



Now Z> 3 will occur in A multiplied by a ni „a n _ u „_ia B _ Si „_ a or Tiiyr^ 8 ; that 
is to say, if we keep only terms of the order (j. 3 we may put for D s its diagonal 
ct n -s,n-3 «1,1, which is the one term in it containing no further small quanti- 
ties ; we thus find to our order of approximation, 
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1 toit- 3 1 to n — 3 

^2 = «'to-2,to — 2 a n — 3, n-3 • • • '«1,1 X , a n — S,rfir,r 2 > ^ «»-8, A-2,i^f,V 

r fs 

For bre vity we shall write a r> r . . . . a lf x = i 3 (r , r) . Now it is easy to see that the 
most important term in (5' r [ s = (— 1)' + * P{n—3,n — 3) x ^ and thug tfae lagt 

summation appeare in Z> 3 with terms of the cubic order of sraall quantities or in 

A with those of the iifth order, hence we neglect it. 

P (n — 3 , n 3) 

Further, fi' r [ r = — ! to our degree of approximation, thus finally, 



& r r 



1 to n — 3 

J D 8 = P{n— 2, n— 2) — P (n — 3, n— 3)^^ 



n — 2, r 



We now turn to D x whose value must be taken to one degree higher approxi- 
mation than D z , we find by similar reasoning 

l to»- 3 

n~~D*a — VV P{n— 3,n — 3) 



1 ton — 3 

al_ 1>n _ z P(n— 3,n — 3)— 2 (- l)"-'-'^**.-! ,,-A-i ,. 

P (w — 3 , n— 3) 



Xfl„_ 



n — 2, s 



ffl, 



/• 1 to TO — 3 

= P (?i 3 , 71 3) -< Û5 W — 1,«— l 06 » — 2,n — 2 g a-l,»-l / M — ~ — «m — 1, to — 2 

^ r *• 

.to» — 3 1 to to — 3 "\ 

"\ a n — 1, r <r> ( -i \n —3—s~ "\ "* «» — 1, s a n — 2,s f 

! 2^^7" - 2 C-!) a »-^-»l/ ^ f 

r 8 ' J 



a n — 2, to— 3 

Finally we obtain in like manner 

1 to ra — 3 

^ = AXa B , B -y^f(w-3, » — 3) «„_,, „_!«._„.,,_, 

r * 

««, n-l«»-2, «-2 P (W 3 , *l 3) 

— «n,TO-2«TO-i,»-iP(w— 3, n — 3) 

+ 2a n>n _ 1 a„, M _ 3 a n _ ljM _ s .P(7i — 3, n — 3) 



_ 2 (— i)«-3- a y^ «n,TO-i^ s ««- _i,_ SJ3(n _ 3>n _ 3 )a„_ a , w _ 2 

1 tO TO — 3 

— 2(— 1 )»-3- s y^ «».»-2«M a ..-M p( w -3 ) n _ 3)a w _ ljW _ 1 
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Thus we obtain for A the value 

A _ g _ 2 

p ( n Q ,n S^ ^«.w^» — 2,n — 2 a n— l,n — 1 **», m ^ra — 1, n — 2 a n-l 1 n-l (I )i,«-! 

a n — 2, m — 2 a n, »— 1 "T ***», n — 1 a «, » — 2^n — 1, »— 2 
lton — 3 



1 to tc — 3 



lto» — 3 



lto« — 3 



*» — 2,» — Z^n,», / t 
r 

Q( i\n-3-s „ \ ^ a n—l,s a n 

A ™* a e, s 

1 to n — 3 

o/ 1\« — 3— s„ „ \ "'», s'*» 

4 ^ -V a « — 1,« — 1 CT «,« — 2 / 

S 

1 to m — 3 

9 f l\»-3-! fl „ \ a ", 8 CT rc 

Z ^ V a n—i,n — 2 a n,n — l / , 



-2,8 



1 to m — 3 

"' 1,8 



13). Resuming the notation of our molecular problem, we hâve to find [i 
the eubic : 

( Tir \ K V\ / Yl"r \ v r v{ J 

+ r 1 T 1 „2^ : (^-^-) I 

( 1 , 1 , 1 

( ïv\" 7\\" 7w 

— 1 



+ 2 (- i)» ^ 2 ^_ (J_ _ _i_) 
+ 2(-i)*-^-2-^-C^ r V)"' 

ru" 7i>-yi"A v* ^ / 



7ll' ÏVrYl 

+ 2 = 0. 

7iv Yiv 7 vv> 
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Hère the summations are to extend over ail the atoms of ail three molécules 
except the three equal atoms, one in each molécule which hâve 2n/v x for their 
characteristic free period, and p equals the number of places from the & th atom 
to the 2 a in the séries 

1 , V, 1", 2, 2", 2", . ... s, s', s", . ... 7c, y, h". 
Remembering the value of t r , we may rewrite this équation, 

p* — [SX j , 1 8 (%gr + %gr + ^r\\ 



f 1 /a v a v , , 



n 

+ 22(- 






«y 2 



+ 



YVV Y\'r Y\"r 

X 

€t-\Ct-^r€t\rt 



+ 



(X,](X\rrCb r 



&>\€b\ 



/il" Ylr Yl"r 



Y IV Y^r Y 



r YVrJ 



v\{v\ 



n 



0. (21) 



Yvv Yiv Yiv 

As a vérification of this équation, suppose each molécule to consist of one atom 
only, then the sum terms of course disappear and the équation agrées with thàt 
for the mutual influence of three equal atoms given on p. 86 (y) of my first 
paper. 

Suppose, on the other hand, that the molécules are so far apart that the 
vibrations of any atom dépend only on the atoms of its own group. Then our 
cubic équation ought, by our Art. 9, équation (14), to reduce to 

/ a x a s 



v\ 



=^l)0< 



3 



Ct-\fd s t 






7^)0 






V-yff 



hr£) = o. (22) 



Yîs v l — fs/\ l Y Yvs' 

Now (21) agrées with this if we neglect ail terms depending on rnolecular dis- 
tances, so far as the first two terms are concerned, i. e. we hâve 

-I- . _ * (£-\rCLo t JL 

-- 5- + 2~H— „ 



fl° 



{? 



P* ? 



a x a s 



Yîs 



v\ 



vl ~ l ~ a Yvs' 



vï 



■ .y CLyiitgit 
V%, 3 YV'S» 



— v\„) 



Nor should we expect it to go further because we hâve neglected ail powers of a/y 
above the third, or above the third and its product into (t, whereas the full expan- 
sion of (22) contains the sixth power of a/y . Now it would be troublesome to 
expand the déterminant (14) up to sixth powers of a rs . But (21) will readily 
enable us to ascertain what eifect the présence of the other two molécules has 
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on the vibrations of the first. This arises from the fact that équation (21) is a 
true approximation to the value of (i up to third powers of inter-rnolecular (as 
distinguished from inter-atomic) distances, and thus we hâve only to take équation 
(22) for p. and vary its constants by adding the inter-molecular terms from (21). 
Suppose that (22) can be written 

fi 3 — ly + Xa/K — X 3 = . (23) 

Then the variations in this cubic équation due to inter-molecular action are 
expressed as follows : 



li' — li' 






+ 



> = 0. (24) 



Cti&y/Ct r 



+ 



Yn» Y\r Yl"r Yn> Y\r Y: 



'YlrYl'J 



Ea v <i r 1 ) 

f 1 (a^ay, a x a y , a^A 

l Vi \ Yv\" Yn" Yn' ' 

— 2 Y^ (_ 1)P ( a l M l" a r , . 

l£s \Yvi"YVrYl"r 

X v{(v\-vl)\ 

\ 3 v\ Yii"Yn»Yn>) 
Hère r represents any atom of the three molécules, except the three 1, 1', 1" 

or which (i gives the period, and N means a summation with regard to r of 



ail atoms in both the 2 a and 3 d molécules except 1' and 1"; > means a sum- 



1,2,3 



mation with regard to r for ail atoms in the l st , 2 a and 3 d molécules except 1 , 1' 
and 1", and so on. 

We shall dénote the variations in the value of the coefficients of équation 
(23) as given in équation (24) by è2, lt &l 2 and è7i 3 respectively, thus we hâve to 
find fi from the équation 

P? - V? fa + «Ai) + ii fa + &,) - fa + &,) = , 



or 



li 3 — (i% + /iX 2 — A, — p'&a + p&l, — fo, = . 



Now for the mean sets of molécules the roots of équation (23) must ail be equal, 
for they give the vibration of the one atom of three différent molécules supposed to 
42 
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be uniufluenced by each other, but in the same physical condition, i. e. the mean 
value of y rs = mean value of y r t s , = mean value of y r » s »., whei^e y rs is the dis- 
tance between r th and s th atom in the first molécule and y^,, y r >>s" are Hke 
quantities for the other two molécules. Hence équation (22) has three equal 
roots =f*i, say. Thus the last équation may be written 

(jl — [li) 3 — [1*8^ + ti8% 2 — 8^ 3 = . 

Let ^ be changed owing to the changes in the coefficients to ^ -+- 8^. 
Then we find 

(S^) 3 — 8(48*,,. — 8^ ( 2^5^! — 5a,) — [île** + (iM* — 8*3 = . (25) 

This is a cubic équation to find the three values of 8{ii . Let us consider the 
order of the various terms of this équation, and suppose that to represent a 
quantity by [l/a] f \_1 / rn~\ s dénotes that it is of the ^ th order in the inverse of 
inter-atomic distance (i. e. distance between atoms of the same molécule), and 
that it is of the j th order in the inverse of inter-molecular distance (i. e. in the 
distance between atoms of différent molécules). Thus we find — 
that ft is represented by [l/ a 3 2 > 

" sa* " " [i/H 3 > 

" 8X 3 " " [1/w] 3 , 

" 5A 3 " " [l/m] 2 +[l/m] 3 +[l/»«] 2 [l/«]. 

Hence we see that as a first approximation we may neglect (<Vi) 2 ^i an( i 2^ 1 <5/tf 1 <$A 1 
as compared with 8^ t 8^; and further, ^18^ as compared with the terms in ^8^ 
of the order [1/a] 3 [1/m] 2 . Whether we can neglect <$A 3 as compared with fi x 82, z 
will dépend on whether terms of order [1/m] are comparable or not with terms 
of the order [1/of] 3 . If the inverse of inter-molecular distance is only of the 
second order of small quantities as compared with the inverse of inter-atomic 
distance, then 8/\. 3 will hâve to be retained. 

Thus we hâve to a first approximation for 8/z the équation 



/'Â \3 8(ti /ax>a\n a^ciyr «XjCSj/N 2 a^aya-^ 

fix ( a^ay , ct\Ct\" . a i a.y \ 
— ~W\yJv7 + ~yly7 + yh ) 



v\ \y V i» 7xv ~ J Vu.') v\ yvvrivyiv i_ 0> / 26 % 



14). From this équation we can draw some important conclusions : 

a). The modified period of an atom in one molécule owing to the action 



**={-&■ 
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of other molécules in its neighborhood, is to a first approximation a function 
only of the relative positions of the corresponding atoms in the modifying moléc- 
ules, Thus the vibrations of the atom A will dépend not only on its distances 
from its kindred atoms A' and A" in other molécules, but also on the distance of 
A' from A" ; it will not, however (to a first approximation), dépend upon A's 
distance from B' or G", etc. 

b). Suppose inter-molecular distance is enormously greater than inter-atomic 
distance, or [l/wi] very small as compared even with [1/a] 2 . Then we neglect 
the first term in the constant of the équation for h[i x as compared with the second. 
This shows us that èfii will be of the order \\j<x\i\\jrn]i, hence since [1/w] is 
negligible as compared with [1/a] 3 , it follows that the term involving h{i x may 
be neglected as compared with (fy*i) 3 , or we hâve 

f a v a v , aia v , a|(tiA|? / 2 ^\ 

In this case there is only one real value of 8(i lt the same for ail three kin-atoms 
of the three molécules. Thus we should expect, if the molécules be so far 
apart that they hâve no modifying action and so exhibit a pure bright line 
spectrum, that when they are brought closer together there would first be a 
slight shifting of their bright lines, and this shifting — since fy^ is positive, 
denoting a decrease in the period — is towards the violet end of the spectrum. 
So soon, however, as the effect of pressure or température causes [1/w] to be 
comparable with [1/a] 2 , the individual bright line is replaced by three others, if 
only two molécules hâve modifying influence on a third, but by (p + 1) bright 
lines if p molécules exercise such influence. Hère we see, perhaps, a little more 
clearly than in the first paper, how the bright line spectrum becomes fluted and 
ultimately continuous. 

In this case the variation in ^ due to the modifying action of the kindred 
atoms in other molécules, is of the order [l/a]f [l/m]i, or its ratio to ^ of the 
order (a/m)t. That is, when inter-molecular distance is very great as compared 
with inter-atomic, the modification in period of any atom is of the order 

/ intera-tomic distance \î 
Vinter-molecular distance/ ' 

c). Suppose [1/m] of the order [1/a] 2 . Then we must retain ail terms of 
the équation (26). We see that 8(ix will be of the order [1/a] 3 , but this is pre- 
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cisely the same order as (t t itself, or we conclude : That modified action becomes 
as important as inter-atomic action in settling the period of an atom if the inverse 
of inter-molecular distance is comparable with the inverse square of inter-atomic 
distance. The reason of this apparent anomaly lies in the fact that an atom will 
produce greater effect on a kindred atom when at a considerably greater distance 
than on non-kindred atoms at a considerably less distance. In deducing this resuit 
we hâve supposed that there are not two equal or kindred atoms in any one 
molécule. If there were, the quantity fi x is not of the order [1/a] 2 , but of the 
order [1/#J , and is therefore sensibly greater than the modifying effect of kindred 
atoms in other molécules. 

d). If [1/m] be sensibly greater than [I/o] 2 , then the équation for SfZi 
reduces to that for the mutual influence of three equal atoms,* and the variation 
in fi ± is simply got by adding to the value of /i x obtained from the isolated 
molécule, the value of fi t winch would be obtained from treating the three kin- 
dred atoms as isolated in space. 

With regard to ail the above cases we must remark that inter-molecular 
action is accumulative, i. e. a great number of molécules may be near enough to 
affect the period of vibration of an atom of the molécule under considération, and 
we may hâve to sum a very great number of small terms, so increasing the total 
effect. 

According to Ampère and Becquerel, inter-molecular distance is enormous 
as compared with molecular diameter ; according to Babinet, it is at least 
as 1800:1. Sir W. Thomson, however, considers that the mean distance 

of two contiguous molécules of a solid is less than of a centi- 

& 100,000,000 

meter, while the diameter of a qaseous molécule is greater than of a 

* & 500,000,000 

centimeter. Supposing the diameter of a molécule not to differ very much in 

the solid and gaseous conditions, this would lead to inter-molecular distance 

being less than five times inter-atomic distance, or to the influence of molécules 

on the atomic vibrations of each other being very considérable.*}* Although it is 

not certain that the ratio is so small as this, still the phenomena of continuous 

and fluted spectra, as well as the possibility of multi-constant elasticity, lead us 

* See p. 86 ( y) of my flrst paper. 

t See Thomson and Tait : Natural Philosophy, Part II, p. 502, and Todhunter and Pearson : Sis- 
tory of Elasticity, Vol. II, p. 184. 
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to believe that inter-molecular action on atomic vibrations is very sensible, and 
therefore to adopt what Jellett has termed the Hypoihesis of rnodified Action. 

e). It may not be without interest to mark the exact effect of non-kindred 
atoms in other molécules on the atomic vibrations of a given molécule. 

Let n' be a root of équation (24) when we neglect the modifying action of 
non-kindred atoms, so that /«{ = /«i + fy*i . Thus we may write 

where the dashed Jl's are the X's of équation (23) affected only by the modify- 
ing action of kindred atoms. Now, owing to the action of the non-kindred 
atoms, %î becomes %[ + h%[ and TJ^ becomes %i + h%' % . The effect on ^{, which 
we will represent by 8{i{ , is easily found to be 

The denominator = 3 fa + S^f — 2 fa + Vi)(*i + ^i) + \ + &**, but 
3(i\ — 2{ii?ii + X 2 = and ^ = 3^ . Hence we hâve the denominator = 3 (fy^) 8 
— 2(1^! — 25/ttj^x + &l 2 . Considering the order of terms, we see that the two 
mid-terms are small as compared with the extrême terms, and thus we may take 
the denominator = 3 (S^) 2 + 8% z . Turning to the numerator, we hâve 

(i[S^Î represented by [l/a] 2 [l/m] 3 
and 3JIJ " " [l/m] 3 +[l/m] 2 [l/a]. 

Thus the second part of the latter is the most important, or we may write 

^=3(^JVSV (28) 

We ought to distinguish two cases — 

(i). [l/m] is immensely gïeater than [1/a] and not comparable even with 

[1/a]'. 

Hence 6/l 2 may be neglected as compared with S^ which is now given 
by équation (27) ; further, /i[ may be replaced by ^ and 



fttf = - 



2 f V^ . . a x ,a vl a r 1 



I \ "*/ i\p (ly<h." a r 1 

£ff 3 yiV'Ylr'yv'r {v\ — V % r ) 

+ y ( _ 1)P ^o L _ 1 } 
*-f 2 K yw y ir y vr (*î — K)) 



} • (29) 
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Thus we see that the order of 8/j.i is represented by 

Cl/a]'[l/m]» _ 

[l/a]*[l/w»]î ~ L 1 /^ 3 LV^J*- 

Thus the ratio of S(t[ to &u x is of the order [l/a] 2 , or if 5^i be of the second order 
of small quantities, this modification is of the fourth order. 

The character of the disturbance in ^ as given by S^ is noteworthy. It 
does not involve the inter-molecular distances of kindred atoms other than those 
the variation of the period of which we are dealing with. Thus if A, B, G, . . . . 
A', B', G', . . . . A", B", G", .... dénote the atoms of the three molécules, 
A, A', A" being kindred atoms, then the manner in which B', B'', G', G" modify 
the period of A is by their distances from A , A' and A" and not by their dis- 
tances from B or G, or even from B' and G' ; the latter are distances which it 
would seem probable might hâve occurred. 

Case (ii). [l/^J is of the same order as [l/a] 2 . 

Hère the term of the order [l/*m] 2 in §?l 2 must be retained in the denomi- 
nator and {i x + <5^i must be put for ^( in the numerator. The order of Sfx{ will 
now be represented by [l/«] 3 , or the ratio of Sfj.{ to Sfii, or to fz 1 , is only of the 
order [l/«], thus its importance has much increased owing to the réduction in 
molecular distance. The exact value of Spi may be eâsily written down from 
équations (28) and (29). 

The gênerai conclusion we seem compelled to form is, that the period of 
atomic vibrations will be sensibly modified by inter-molecular action, so soon as 
[[1/wi] is not negligible as compared with [l/ct] 2 . 

15). We pass now from the considération of the modifying action on period 
to the modifying action on amplitude. Let G s dénote the amplitude of the term 
of period 2n/n in the s th atom. It will be sumcient to détermine ail thèse ampli- 
tudes if we investigate types of each period. We shall endeavor, then, to find 
the relation between G lt G z , G r and G 2 ,, when n = one of the values found 
above for ^ + § ^ + Sfz{ . 

Let <x rs = the minor of the déterminant obtained by the r th row and s th 
column of the form in équation (18); then by the usual theory for the solution 
of équations of the type (11), we hâve 

C\ Gv Ç% C%' 

a ll a l'l a 12 a 12' 
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We hâve now to find approximate values for thèse minors. Let us take them 
in order. 

We hâve a n = D 1 of our Art. 12, but it will not do to take for its value 
simply the expression there cited in terms of the éléments, because that expres- 
sion only gives it so far as the cubes of small éléments, our object being then 
merely to find how the terms of a known cubic were affected by inter-molecular 
distances up to the cubes. We hâve now to calculate out D 1 as far as the fourth 
powers of inter-atomic and the square powers of inter-molecular distance. Now 

A = «n = 



T v 


Cbyyi 


«l'2 


«l'2' 


«l'2" 


«1"1' 


Tv. 


«1"2 


CLyryt 


«1"2" 


«21' 


«21" 


n 


«23' 


«22" 



where T r = ? r {—« «- ) and a«= — . Hère T v and T v , are of the order 

r \v; n* J rs y rs 1 1 

[1/a] 3 , but T r for ail values except 1' and 1" is supposed not small. Let us 

pick out ail terms of order equal or less than [1/a] 4 . If we retain ail the large 

T's we hâve the terms T z . . . . T w , (T V T V , — a\, v ,). Let us represent the product 

of ail large T's by P , the above term is thus 

Now omit one large T, say T r , and sélect (i) an inter-molecular term, say a rV , out 
of the r th column ; this will hâve to be multiplied by a rV and T v ,, it is thus of the 
order [l/m] 2 [l/«] 2 and to be neglected ; (ii) an inter-atomic term ; this is impos- 
sible. Hence T r gives us no terms. Now consider T^; we may now take the 
inter-atomic term a Vr , and it must be multiplied by a^yTy,. Thus we hâve two 
expressions of the form 



OjV'r" 



2 l r , 3 l r „ 



They 



and a little considération shows that the signs of thèse terms are négative. 
are ail we get to the order [l/«] 4 by omitting one large T. 

Now let us omit two large T's. As a first case say T r and T s corresponding 
to atoms both in the first molécule, then the quantities to be chosen out of the 
l st , 2 a , r th and s th columns must ail be inter-atomic, but this is easily seen to be 
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impossible. As a second case take T r , and T s ,. We hâve to take two éléments 
out of the first two rows ; they cannot be taken out of the first two columns 
because thèse are of the order [l /a] a at least, therefore we must choose a yr ,, but 
this throws us back on a v , s ,, which is inter-molecular. Hence no ternis such as 
T r , and T s , can be omitted. Now let us omit T r , and T s „, we are then compelled 
to take the inter-atomic terms aP r , v a\„y, . The sign of thèse terms is found to be 
positive, or we hâve the expression 



P2, 



CL r tyr Ctg/zg/r 



J-r> ■*■*" 

As a fourth case let us take out two terms like T r and T a , ; then the choice of an 
inter-atomic term out of the r th column becomes impossible, and thus this form 
of term does not appear to our degree of approximation. 
Finally we hâve 

l 2 2 2 2 "\ 

7") r> } rp rp rp s? CT/ 1^ rp --V a V'r" 2 . -^- a r'V <V'2" I 

■1S\ f ■< -L\-Ly> L W-% ~J r f v s T ,, a l'l" ~T ^ m ' rp f 



Thus 



Now 



«ii 



— T) S f "ST a r" nZ \{ ^ a r' U Z \ 1 \ 



Ct^rr 



TV 



Z 



3 yy, r „ nr 



= 2 



a r 



rï 



■\fi.ffi IS^ • 



V r 3 ^l'r" ï'î' Vr 



tyfl! , 



if we neglect in the value of <x u terms of the order (a/ y) 6 . Now ^ = ^ x -f- fyi 1( 
hence „ ( /r . ^ a v a v , ") . 



a " = p<r ^"{^) 3 -f^;} 



Let us now find cc ri to the same order of small quantities. In precisely the same 
manner we hâve 

»2 



Further we find 



«ri — \ ri 1 " 3 T ,, — a V\" f 
_ _ p f ^Q— ^i) 11 

1 yri y*i"j 

P* v * v , f q r ^ 1 a v a v ,\ 



*4 



(31) 



712 ■'a (. v-^wi 



1 



JFTyiv -3 



a 2 



r; — v| y la 






(32) 
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Finally, we hâve 

a 13 ,= P^V -Hz- j ■Se-to- -^}. (33) 

We can now write down the values of C v , C%, G % , in terms of G u we find 

tf, = _ **-, -21-Cr. (34) 

Suppose [1/m] not comparable with [l/a] 2 , then 

(7^ = g- -k — (7i , (35) 

n — vi, Yv W yiv m 

Thèse results, although only approximations, seem to be of very considérable 
interest. I proceed to note some points connected with them. 

a). Equation (34) is precisely the same équation as (15), determining the 
relation between the amplitudes of the l st and 2 a atoms of the same molécule, 
when no other molécule is affecting their vibrations. Thus it would seem that, 
to the approximation we hâve adopted, the l st atom produces the same ampli- 
tudes in the atoms of its own molécule notwithstanding the présence of other 
molécules in the field. Ail we can safely say, however, is that the ail-important 
or leading term in the amplitude remains unchanged. Other small terms may 
be added to it, for although we hâve calculated a n and a 12 to the order [l/a] 4 , 
we hâve divided them both by a factor of the order [l /a] 4 when finding the ratio 
of Ci to G % . Hence to hâve obtained the modifying influence of the other 
molécules we ought to hâve calculated the minors to [l/a] 6 . At the same time 
we shall see immediately that the influence of G s on G z , is exerted indirectly, 
i. e. by means of its influence on G v ; hence it seems more than probable that the 
modifying influence of other molécules on G 2 (the amplitude oorresponding to 6\) 
is exerted by altering G lf or also indirectly. 

b). Equation (35) shows us that when [1/m] is not comparable with [l/a] 2 , 
then since Sfa is small, there is a very sensible amplitude G v produced in the 
first atom of the second molécule by the action of the kindred atom in the first. 
By équation (27) (5/a x ) is of the order [l/w]î. Hence G v j G x is of the order 
[1/wi]t, or if [1/wi] be comparable only with [l/a] 3 , still the effect of the first atom 
in the first molécule on its kindred atom in the second, will be as great as its effect on 
the other atoms of its own molécule, i. e. both will be of the order [l/a] . 
43 



338 Pearson : Ether Squirts. 

c). By équation (34) as type we should hâve 

o 

Vy — v%, y v %' 

This gives the effect of an amplitude G v in the l ltb atom on the amplitude of the 
2 /a atom ; or, if G v be the variation in amplitude of the l /th atom due to the l st 
atom of the first molécule, we hâve by (35) : 

G _ vy <*%' / 1_ ay 1 q \ __ 1 OyOï., 1 q 

* v\, — v%, Yw \ *î y u , 5^i V v* — v\, Yw 7ii' Sfh. 1 ' 

which is exactly the value given by (36) . This proves the point I hâve referred 
to above, namely, that whatever influence non-kindred atoms in différent molé- 
cules exert on each other is indirect and takes place through their effect on their 
kindred atoms. This of course is only true for the approximation to which 
we hâve gone. The effect is, indeed, of a higher order of small quantities than 
that of the l st atom on the 2 a or on the l /th . If [1/m] is comparable with [1/tt] 3 
it will be of the [1/a] 3 order, while the latter are of the [l/a] order. 

We may conclude, then, that when molecular distance is such that [1/«î] 
cannot be compared with [1 /a] 2 , then the modifying action of two molécules on 
each other's atomic vibrations is practically limited to the mutual action of 
their kindred atoms. 

Now let us suppose [l/w] is comparable with [1/à]. What we hâve said 
above about équation (34) still holds, but we find for G v and G z ' 

Ctx' OfMx 1 CL-y<Xyr 



(« 



v\ Yi'i" 



a y fy*i 1 a v a v , 



v\ 


a 2 , 

Yy%' 


Yiy v\ 


nA /»,2 

v x Yi'i" 


v\ — v% 


( Vl) 2 ~ 


J. (X\i (X\rr 

v\ Yyy 



Now the numerator and denominator on the right-hand side of équation (37) 
are both of the same order, or we draw the conclusion that G v and G x are of the 
same order. This follows from the fact that Sfi x is of the order [1 /et] 2 : see our 
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Art. 14 (c). Further, the effect of G x on (7 2 , is as before indirect and due to the 
effect of G x on G v , but its order as compared with G x is now [1/a]. We are 
thus able to draw the following important conclusions for the case of [l/#i] 
being comparable with [1/a] 2 : 

a'). The variation in the amplitude of an atom due to the vibration of a 
kindred atom in another molécule is of the same order as the amplitude of the 
second atom. 

b'). The variation in the amplitude of one atom due to the vibration of a 
non-kindred atom in another molécule is indirect, being produced by the influ- 
ence exerted by the second atom on its kindred atom in the first molécule. It 
is of tbe same importance, however, as the variations produced in the amplitude 
of the same atom by any atom in its own molécule. 

c'). The variations produced in the amplitudes of the atoms of one molécule 
by an atom of another are sensibly affected by the présence of a third molécule. 
This effect dépends, in the approximation to which we hâve gone, entirely on the 
distance between those atoms of the first and third molécules which are kindred 
to the modifying atom of the second. 

It should be noticed that owing to the value of h\L X , a remark similar to the 
last, (c'), may be made for the System (35) and (36), where Sfi x is determined by 
(27). The modifying action of the présence of the third molécule will not be so 
perceptible, however, as the variations in amplitude are so much less. 

From the above statements flow the truth of the hypoihesis of modified action 
and of the multi-constant équations of elasticity for matter built up of ether 
squirts. This will appear still more clearly if we détermine the gênerai form* 
of the inter-molecular force. To this we dévote the following article. 



* I ought to note hère that the above équations are susceptible of almost infinité variety. Their 
complexity becomes very considérable when, instead of only one atom of each kind in each molécule, 
we place p equal atoms in each fc-atomic molécule— this being probably a very ordinary occurrence in 
nature. Further interesting results arise when we hâve two différent atoms, whose periods are, how- 
ever, nearly equal. In this case we hâve more diagonal terms of the fundamental déterminant smatt, 
and the approximations must be carried still further. In fact it may be safely said that every substance, 
the atomic structure of the molécules, of which is known, would require a mathematical dissertation to 
itself. Nor ought this complexity to discourage us. Whatever be the élément of matter, we expect it 
to possess great simplicity of structure (and this is at least satisfîed in the ether squirt), but this 
very simplicity has to explain the nigh infinité range of chemical and physical properties in each indi- 
vidual substance, or it must lead us to a mathematical theory of the substance of the very highest 
complexity in itself. 
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16). From the preceding article we find the following values for fa, fa, and fa 
as types of vibration : 



fa = G x cos {n x t + «j) + x v G v cos {n v t + o r ) + xy,, G v , cos (m^ + a v ) 



i 
2- 



v; 



«! 



O r cos (ro,i + a r ) 



v- — v\ y lr 
-\- 2f^i, r / Cv cos (rv£ + <x r ,) 
-f- 2i/li, r "(7 r ,/ cos (rc r „£ + <x r /,) 

4>r == x i &i cos ( w i^ + a i) + G v cos (w r £ + ar) + x{„ G v , cos (n v ,t + a lw ) 

2 v 1 t a r 

— S—g — rJ -^ — — G r , cos (n r ,t + a r ,) 

+ 2|A,i, r (7 r cos (rc,i + a,) 

-J- 2|/lr r «C r ,/ cos (?v,£ -j- a r „) 



Y > 



(89) 



(40) 



fa = <7 2 cos (%£ + a 2 ) -|- * 2 , <7 2 , cos (w 2 ,£ + a 2 ,) + x v , G z „ cos (w 2 „£ + a 2 /,) 



î 
2 



v? 



a 2 



G r cos (w,i + a r ) 



v r — v% y Z r 
+ XI /t 2 , ^ Cv cos (n r ,t + a r ,) 

+ 2i/^ 2 , r"G r n cos (n r „£ + Ot,.") 



\. 



(41) 



where 
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<*8 «Vs' 



X t^ Ctgfi 



vl 



1k 



(fyv) 8 



X CCgCtt^f/ 



V* Y*'» 



and x s „ equals the value of x s , with the subscripts s' and s" interchanged. 



x 






X ^g' Ctgft 



4 2 



(V*) 2 



X Œo/ Cïo 



t>î yls" 



and Xg/, equals the value of x' s with the subscripts s and s" interchanged. 



a r 



S(i r 



JL \Asiyi \Â/y 



^8, /" 



^' a s 


Yrr> V*r> 


v% <yl r „ 


Vl' fl Yrs 


(Sflr'f ~ 


X 0J T CÙy,// 

vf, yl r „ 
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and a,, t r „ is the same expression with r 1 changed to r" and r" to r'. 

, _ V\ Of 7r'r ~VÎ V% 7*+*' 

"'S'T "— * 2 2 1 ' 

V r t V S r y r t s t . - g 1 (%)■' Cty// 



r r t r " 



and "k' s ,^, is the same expression with the suhscripts r and r" interchanged. 



i 



Finally X dénotes a summation for ail the atoms of the first molécule except 

2 

those giving an infinité value to the subject of summation. 2 has a like value 
for the second molécule. Further, 2| dénotes a summation of ail values of r 
for the first molécule, r' in each term being given the corresponding value from 
the second molécule, %\, 2f, etc., hâve like meanings; in ail cases those values 
of r, r' or r" being excluded which give rise to infinité terms. 

The above results agrée with those of my first paper if we put the x's and îl's 
zéro, or neglect the semi-chemical action of kindred atoms in producing inter- 
molecular force (see §42, p. 105, of that paper). 

Nbw, in order to détermine inter-molecular force, we must find the value of 

such terms as i à <f> i rù rf, 

J-^ and i M*, 
4îip y lv 4rtç> y w 

which are types of those occurring in the force function of équation (9). This 
involves ascertaining the mean values of such expressions as ^î^r an ^ «fr^'i an d 
this will dépend on the relative magnitude of inter-molecular and inter-atomic 
distances. We shall treat accordingly the following cases : 

(i). Inter-molecular distance is quite incomparable with inter-atomic distance 
(i. e. [l/wi]i is negligible as compared with [1/a] . 

(ii). Inter-molecular distance is very great as compared with inter-atomic. 
distance, but [l/m]i cannot be neglected as compared with [1/aj. 

(iii). Inter-molecular distance is comparable with [l/a] 8 . 

Thèse cases may be represented by 

(i) [l/m]<[l/a] 3 , 

(ii) [l/™] = [l/a] 3 , 

(iii) [!/«] = [l/a]«. 
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If [l/tri] = [l/«], we obviously hâve complète chemical union between molé- 
cules, and therefore molécules cease to exist as such. This case we may exclude 
from our considération. 

Now, an important point still remains unsettled, namely : Is there any 
relation between the phases of the like vibrational ternis in two like molé- 
cules ? This point is only important for cases (i) and (ii), but for them it is of 
crucial importance. If two like molécules be at such distances as in no way to 
affect each other's periods, the vibrations characteristic of kin-atoms will be of 
the same period : will they also be of the same phase ? In my first paper I 
defined molecular force to arise from the interaction of the free vibrations of 
the molécules. I did not suppose the molécules to form a single system with 
mutually forced vibrations, or inter-molecular force partially dépendent on a semi- 
chemical action between kin-atoms of différent molécules. Further investigation 
of the fundamental déterminant has taught me the importance of this action at 
least for the case [1/m] = [1/aJ 2 . 

Now the results of this assumption or rather omission in my first paper were 
the following : 

(i). Supposing the phases of the like vibrations in molécules of the same sub- 
stance to be une quai, then the first term in inter-molecular action is an attraetive 
force varying as the inverse fifth jpower of the distance (p. 106). The existence of 
this force dépends on the particular atomic hypothesis of pulsating sphères of finite, 

if small, radii. On that hypothesis a term of the form 1 4 V (<Zi<£>f + a v q>V) as well 

as the term of form S-lSfL' arises in the force function of the molécules. The former 

7ii' 
term, however, disappears on the présent hypothesis of ether squirts, which 

reduces the force function solely to terms of the order . Hence we see that 

on the hypothesis of ether squirts there would be no molecular force, when we 
neglected the semi-chemical action between molécules, unless the corresponding 
vibrations of the molécules were in the same phase. Is there any reasoning by 
which we can prove this resuit invalid ? At first sight, apparently not, especially 
in our ignorance of the relative magnitude of inter-atomic and inter-molecular 
distances. In a distended gas the semi-chemical action might be negligible and 
there would thus be no sensible cohesive force ; there is no objection to this. 



Pbarson: Eiher Squirts. 343 

Such a gas could not be self-incandescent or send forth rays of light without the 
application of external energy, for this self-incandescence would involve, I think, 
the vibrations of a great number of molécules being in the same phase. On the other 
hand, it is possible that the means taken to produce the bright line spectrum of such 
a gas really sets a great number of molécules vibrating in the same phase.* The 
argument from gàseous bodies giving light, although weighty, is thus not conclu- 
sive. If we suppose two free molécules not to be vibrating in the same phase, 
we are thrown back on a semi-chemical action between the kin-atoms of différent 
molécules as the basis of cohésion. Possibly the effects of altering the chemical 
constitution of a molécule by increasing the number of like atoms in it, which 
would affect the cohésion and so the volume of a substance, might tend to throw 
some light on this point. 

(ii). If two free molécules bave vibrations in equal phase, or if two kin-atoms 
hâve free vibrations of equal phase, and their forced vibrations differ only by 
.terms of the order (atomic radius/ atomic distance) 2 , then cohesive force varies 
partly as the inverse square and partly as the inverse fifth power of molecular 
distance. But so far as thèse terms are concerned there is no modifying action 
due to the présence of other molécules in the field (see §§42 and 47 of my 
first paper). 

There is something to be said for the possibility of ail equal atoms having 
started vibrating in the same phase — for what might be termed an instant of 
' création.' The effect of inter-atomic action would be principally felt in a varia- 
tion of period, and the slight variations in change of phase, if they hâve any 
existence, might be of the order (atomic radius /inter-atomic distance) 2 and thus 
the différences of phase might not amount to a quarter period. It is thus a 
possibility which we must keep in view in evaluating inter-molecular force, and 
I shall therefore deal with the above cases under the two headings of ' Equal 
Phase,' by which I shall mean absolutely equal, or only very small différences, 
and ' Unequal Phase,' by which I shall connote that the différence of phase may 
take ail possible values. 

* Suppose a number of small tuning-forks at such distances that the f eeble air vibrations they pro- 
duce cannot mateiïally affect each other, although the forks hâve the same note. They may then 
ail be vibrating in différent phases. Now a very large tuning-fork, caused to vibrate with this note, 
might set a whole group of the lesser ones, from which it was about equally distant, vibrating in the 
same phase, and therefore represent the manner in which the spectrum of a gas could arise. 
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17). Case (i). [1/m] < [1/a] 3 . (Condition of rare gas?). 

Hère the expressions for ^ and <p v reduce to those of my first paper (p. 105). 



Sub-case (a). Equal Phase. 

The mean values of the expressions $ s ô> t > an d <p q 4>s' are now 

(»• ana r' ail values tout s and s'.) 

■v 4 <n 2 (1 CI a, a . 

v j i /-!• /-y ^g' ^V a s' \ ri n v s n s 

9«9s' t °îW' ,,3. „2. 77TI * <-V^8 ,,2 7 

+ 2 



■^ê' — v* y 8 > q , - °v; — v' q y qs 

O r G r , VrV%nl a q a s , 

2 {V 2 r — ^ q )(vl,—vl) y qr y S 'r> 



Hère we hâve supposed n s = w s ,. Now we hâve by équation (14), 

1 1 a s a r 1 



ni v\ " y% v\ — vY 

Hence in order that n 8 , — n s , it is as a rule not sufificient that a s = a s , and v s = iv , 
but we must also hâve i y a r == y 8 V) or * ae structure of the two molécules, at least 
as far as inter-atomic mean distances are concerned, must be alike. Assuming 
this to be true, we can rewrite the above values so far as terms of the order 
(a lyf, as 

(r ail values tout s.) 

$.$* = iO s G 8 ,v% — iC s <7 S ,2 v 2 r H v 2 -~*r + i 2 O r G r , (y r ^I v vf \^r ) > 

vt a s , „ „ vî a„ 



&$s'--ïC q c Q ,^^ s ^-$c s ,c Svl __ v z ^ 



v% a„a a 



. i V fi fi ir «*g«*g 

Now the corresponding terms in the force function of the two molécules will be 

U— — S ^ s ^ s ' + ----- S ^ g ^ s ' 
4?tp y^ "^ 4?tp y Q8 , 
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Let % equal the angle between the directions of y ss , and y m , then 

Y Vf — Yss' + Y» — tymPv C0S Z> 

Yq»' Jss' ( \ /M' / \ /ss' / ) 

where P r (cos %) = the r th Lagrangean coefficient. 
Similarly, 

= ~ { 1 + (^)( p i ( cos Z) + p i ( cos %0) + higher terms} , 

where %' = the angle between y s , g , and y g , 4 = angle between j/ s , g , and y s , 8 to a 
first approximation. Or, if we wish to retain terms of the order [1/w] 2 , we 
might write 1 1 f v 1 

where g and g' are any two corresponding points in the two molécules, which may 
or may not be the positions of two like atoms s and s' (e. g. the centroids of the 
molécules) and % q is the angle between y gg , and y gq , % 8 , between y g , g and y g , s ,. 
Thus we see that when we do not neglect terms of the order [1/m] 3 , the force between 
two molécules is a function of aspect, as well as central distance. 

If this be true for bodies in a very diffused state, it will be still more 
appréciable when we deal with solid bodies. It follows that the law of inter-mo- 
lecular force adopted by Poisson, Navier and Oauchy, namely, that inter-molecular 
force is a function only of central distance, ceases to be true for ether squirt 
molécules. This might suggest that the rari-constant theory of elasticity can 
never be true, owing to the action of ' aspect,' even if we neglect the still more 
important influence of ' modifying action.' But it must be remembered that the 
stresses with which we hâve to deal are the summations of a great number of 
isolated inter-molecular forces, and thus unless there is any symmetrical distribu- 
tion of molécules with regard to aspect, the mean values of cos % a and cos % s , , as 
well as the mean values of cos fa and cos % s , , will disappear. The terms of the 
order [l/m] 8 would thus contain no aspect influence; indeed we should hâve to 
44 
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go to terms of the order £l/»i] 4 to find them. Thus, at least in a rarefied gas 
the aspect influence would very probably be negligible. Like remarks apply 
in a lesser extent to the case of a solid, so that, as far as aspect influence is con- 
cerne d, we might more reasonably treat a body of ' confused crystallisation ' — 
e. g. many of the metals of construction — as a rari-constant solid, and accord- 
ingly give it only one elastic constant, than give a crystal 15 instead of 21 elastic 
constants.* 

After this digression, I return to the above expression for the force function 
and write down its value as far as [1/m] 2 . We find 

V=^+-£-, (41) 

Vgg' Ygg' 

where 

^ = ^1 C s C g ,v%[l— S^t T^ f^T ( 2 - fO + P ?« (rf — vV)[vl — v*) ^^J' 

X denoting a summation with regard to ail values of s for the first molécule, s' 
being the corresponding value for the second ; X , a summation with regard to 
ail values of r except r =s; and S, a summation with regard to ail values of 

r, q 

r and q except s, each term except r = q occurring twice or the whole may be 

written f^ v\ a r | 2 

1 v% — vl y sr J * 
Thus we may put : 

^=8^?°.^[( 1 -?îrb?^) + ?A??]- (42) 

Further, we hâve for fz 2 : 

1 r* *v et 

Va = 3^7 S O, C s , [_ y gs (cos % s + cos % s ) — 2 v * _1_ v * l^T (?V cos Xr + ?W cos^) 



? i^t^ r , fjr, (y»« cos «• + y»"- cos *-) ] ' 



* I hâve treated the problems of ' modified action' and * molecular aspect' at some length in the 
History of Elastieity. See "Vol. I, Arts. 931-981, particularly the last article, Art. 1527 (Jellett's views), 
and Vol. II, Art. 376 (-where I hâve endeavored to show that the Boscovichian atom does not exclude 
the possibility of multi-constancy, a resuit conflrmed by the ' ether squirt,' which is Boscovichian), and 
Arts. 304-6 (where I hâve criticised Saint- Venant 's views in the light of ' aspect ' and ' modified action '. ) 



or, 



(43) 
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- S jrtVî ^T V* (COS Xr + cos Xr ,)] J 
where S dénotes a surnmation with regard to ail values of s , S with regard to ail 

s r 

values ofr except r = s, and 2 with regard to ail values of r (r' being given 

the corresponding value for the second molécule) — except those corresponding to 
r = s, r 1 = s'. 

Equations (41)-(43) lead us to the folio wing results : 

The force between two molécules of a substance, which are at such distances 
that [1/m] may be neglected as compared with [1/a] 3 is, on the hypothesis of 
equal phases — 

a). Partly attractive, varying as the inverse square. This follows from the 
fact that the first term in the square brackets of ^ is positive, and this first term 
is by far the greater. 

b). Partly varying as the inverse cube. This latter term in the force 
dépends upon the influence of aspect, and its mean value would probably be zéro 
for an amorphic body. In such a body it might influence the action between two 
molécules for a time, but it would not be sensible when we deal with the average 
of large numbers of molécules. 

c). There is no modifying action between any third molécule and any other 
pair. 

As we hâve supposed the molécules at a very great distance as compared 
with the atomic distances, it may be doubted whether thèse results would apply 
to any substance but a rarefied gas, and the first part of the inter-molecular force 
will then be very slight, and the second probably quite insensible. 

If the phases only differ very slightly we shall obtain the same results by 
replacing G s G s , by G s G s , cos (a s — a g ) , a s — a s , being now a small angle and its 
cosine positive. 

Sub-case (b). Unequal Phase. 

The action between any pair of molécules will be the same as before, but 
G S G S , must be replaced by G s O s , cos(a s — a s /), and this latter expression may be 
either positive or négative. Thus there would be a tendency between some 
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molécules to cohere but in others to mutual re pulsion. Cohésion of the material 
as a whole would be impossible. Thus this tendency of some molécules to repel 
each other might be of service in the explanation of diffusive and evaporative 
phenomena. I do not know that there is any physical reason against its possi- 
bility in the cases of gas or liquid. 

18). Case (ii). Suppose [1/»»] of the same order as [l/«] 3 . Now the periods 
n r , n r ,, n r r, will ail be modified equàlly by the influence of kin-atoms. This varia- 
tion is given by équation (17) for Sft. We hâve 

1 jn\ = 1 jv\ — fx r — 8(i r ~| 

/ a v ar<Xs 1 f fJ-r ( a r > <*>*> , a r ct r " _■_ a >-ttA H f ( 44 ) 

where S dénotes a summation with regard to ail values of s but r. 

This expression for 1/nl is the same for each of the three molécules. 

Returning to équations (39)— (40), we hâve to calculate the mean values of 
such types as ^> S <JV and q> q q> s ,. With some réductions I find 

n\G s G s , , n*x' s G% n*x t ,C?, n\x' s ,,G s G s „ 
<ps<p,> ==■ 2 COS ^ — as '' ~* 2 ^~ 2~~~ ~* 2~~ COS '*** — a '"' 



+ 



nlx s ,rC s ,C s „ 



cos (a s , — a, s „) + 



nlx s ,.x'„Œ„ . n%x.,x'.C.C., 



+ 



n\ x s , x[„ O s , G s „ 



+ X 



nfvf 



cos (a s / — a s //) + 



+ 

riï.x'.x s „G.C s , 



cos (a s — a,/) 






2„,8 ,, Q* 



r V~ 



^ y* 



1 I 



— X 



COS (ai r 



n*vl, 



2 

" «r') 

a*' 



cos (a„ — a s „) 



»•' »£ — v\, y s , r , 



*/sr' 



Cl, 



OC, O' 

+ X nl% sr ,X' s , r r r ' cos (a r — <x r ,) + 2„ w?^, sr „X s ', r „ —jf 

2* ' 2 a Ai & r v rr O*. \S T rr COS I 0C r QCwr ) 

r, r" V% V% y, r Sr r V ' 



2 »r^ 

r', »•" r?, v% y s , r 



<t s t L/ r r L/ r ,r . . 

•^sr" ô — cos \a, r , <X r ,r) 



G G G G 

+ X„nl2, sr ,2, s , r r, I cos (a,./ — a,.") + Srar^'r^w r 9 r cos (a,. — a?v) 



r', r" 



r,r" 



K(45) 



Hère 2 is a summation with regard to ail the atoms of the first molécule 

r 

except those which make the subject of the summation infinité. X r signifies a 
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summation for kin-atoms of the first and second molécule with the like restric- 
tion. The olher symbols hâve corresponding meanings. 

n 2 v 2 a q G S ,G S 



<j> s <p s > 



,2 „,2 



v.—iq y 



qs 



■ cos (a,, — a,) 



n\v\, a s , G q ,G q 
v\. — v\ y sY 2 " WD ^ 



cos (a g — a g ,) 



+ 2 



nfvj 



r,r'{v\—v*){-iï—vl) y iV y qr 2 
v 2 s n 2 a q . G! vin 2 a. 



a s r a g G r Gr, . 

— cos (a r — a r ,) 



G q i 



v\-v\ y v ~* 2 v\,-v\, Y f,** 2 



n\v\, a s . 



\Jgl\jgn 



ÏÇ=Ï% ~y~7 a , x «" ~~2~ cos ( a *' - a «"î 
njvl a q , G S „G S 



VI — Vq Yqs 

Gl 



*s" \ 8 cos (a, — a s ,) 



G 2 G 2 ,, G 2 ,, 

~T ^s^qs' ~ 2 f" Mq^'q —X h n s % qs i, — ~— X s" ~f~ n q\q" — o~~ %q" 

+ ^s\ S " — g - cos ( a «' — as ") "t" w g^sV' 2 C0S ( a * ~ a «") 
+ «f *,'a a ,/ — y^ cos (a s — a s ,) + n\x q ,"k[, q q "' cos (a q — a 4 ,) 



^^7« 



/ ^g ffr 



+ n 2 x' s \ s „ " 2 ' cos (a s — ev) + nj»j,,^ 2 g „ g " cos («j— a 2 „) 

G G G G 

+ n?w^X gs , *' 2 cos (a s » — a s ,) + n^A^,, q ' q " cos (a 3 , — a 3 „) 



« _ .8 2 A 



(73 



^-i* y^"*" 2 fr»-r» y gr As '*- 2 



- X 



n 2 r vl 



(t s r . \J r i\J r it . . 

>w — ^ — cos (<v — a^r) 



r'7r" V 2 , — V 2 , Y>V qT " 2 

^ n 2 y r a q , G r G r „ , 

r f r „ r »_^ Yv 2 ^ ~~ ar " J 



C G t G G ,, 

+ ^2 M'r^qr' ^ ~ °os (a,. — a r ,) + r 2, "k^Tj^ * r " cos (a r — a r „) 



G r tG. 



G 2 



(46) 



"f" S ««'r" A»/ COS ( Ct r r (X r n ) -f- S Ais'ftt A/nr'i — K 

r', r" a r" H Z 

The summations are of the same nature as in (45). Thèse formulae appear to 
give extremely complex results for the types of force function terms due 
to kin- and non-kin-atoms in différent molécules. But this complexity is very 
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much simplified if we only retain the more important terms.* In order to 
do this we must détermine the order of the x's and X's on the supposition that 
[1 /ni] = [1/a] 3 ; in this case the types for x and % will be those of équations (35) 
and (36), and S(z is of the order [l/a]t. 

are of the order [l/aji, 



x. 



7C X . 



»i 



X' 



"sr'i ™sr"> %>s'ri %»s'r" " " " £l/cf]f . 

Thus, if we only retain terms in the expressions fy s q, s , and <p q $ s , so far as the 
order [l/«] 2 , this will mean retaining terms up to [1/a] 5 in the force function 
and up to [1/a] 8 in the force. We see at once that the terms involving the X's 
are ail either of the order [l[a]ï or [l/«]* and may be neglected in <p s $ s ,. In 
<p q Q s , we shall still, however, hâve to keep the long séries of terms with products 
of *'s and a/s as thèse are of the order [1/«]J. Further, since §fi is of the order 
[l/a]f, we need only substitute for n\, v\ (1 + v*(i s ), and this in the first term 
of<p s <p s , only. 
We find 



<?>*<& 



2 



cos(c-<x s ,){l+ ? ^^| 



+ 
+ 
+ 
+ 



a* 

yss" 



1 

Ys's» 
Ys's" 

•.,6 



2 

G* G., 



7* 



1 



ci 



cos (a g — a s «) — 

i os. 



a s 



S(/. s n 



1 
1 



+ 



Ct s Cl s 



2 

GvrG. 



B(l s ,S(t s r, 2 

1 G s O s , 
8{i s „ Sfi s 2 



v: 



§(A s $(l s , 



cos (<x s , — 
- cos (a, s ,- 



<X s rr) 

- a s „) 



- cos (cl s , — a s ») 
cos (a s — a s „) 



7—3 g\3 S COS («r «W 



(47) 



This resuit shows us that if we were only to retain terms of the order [l/ajf, the 



* The terms neglected may correspond to important physical or chemical phenomena, but at présent 
we must seek only the more gênerai results of the theory. The influence of one molécule on another 
■will in itself bê as complex as the action of one planetary system on another supposed in its neighbor- 
hood ; the complète disturbing action of the whole System on one planet would be not more difHcult 
to détermine than that of the action of the two molécules on one of their atoms. 
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non-kin-atoms would hâve no influence at ail on the force between kin-atoms, 
for the ternis they introduce are only of the order [1/a] 4 . 
Further we find : 

->* a q C S ,C S 



$t&' — — 



4 






*v — ^ y«Y 



2 cos (a s , — a s ) 

G a' G„ , . 

a ï') 



^r 5 cos (a q 



+ 2 



+ 



(j~G r i 



V r <X s i dq O r O r r , , 



rj 



Otj <X S * 



1 C? 



+ 



a. a„ 1 Cv 



V 3 7 '«« 7"' V» 2 ^2'— ^' JVs' JV Vï 2 



a,, 



a„ 



1 CqCgH 



H — 2 — — â — s — g n ? COS (a„/ — a„//) 

*V — *J y^f Yqq" àfiq» 2 ^ 3 « > 

2 

1 c? 



a„ 



1 g s ~ — cos (a 5 — a s n) 



+ 



+ 



a„ 



a s 



+ 



a„ 



a„, 



et 



Vq Yv Y* ¥*' 2 *Y~ "* /gv 7ïî' Vï 2 



a» a« 



w Os" 



n — v; 



y S g Yss" V 



s» 



cos (a s / — a s //) 



I ^g _^£l a q' 1 Ogt. 

»Y — v * 7ï'«' y«'î" ^V 2 



Vq> V* Yl'$' Yi'Q" a Q3" Vï" 2 



a„ 



a» 



Cïj/ 



Cg Cy/ , 

JL - — cos (a g 



<v) 



y 3 r s « 



y ss » Y**" ^3" 2 



«V 



a» 



/7 2 



a„ a s a s / i o s o s / , . 

—s j — s — — » — cos (a s — a,,) 

K' Yv Y**' Yss' à(i s bfx, s , 2 v >> 



a» ct s a s i 1 O s O s 



v\> Yv Y"" Y* V*Vs" 2 
a q a, a s , 1 G s ,i G s i 

v \> — v\ Yv Y**' Y»'*" <Wfy*«" 2 



' cos (a s — a s „) 



cos (a s / — a s //) 



^$' Otrt' ^a 



»# y,>q' Yqq' Yqq' fyqfyq' 



a„ 



a„ 



a„ 



v\i—Vf Y*'q' Yqq' Y m" Vg"W' 2 



-Y L cos(a î — a,,) 
J — q ~ cos (a a — a q> ) 



d s , 



a„ 



Vf — v\< Y*'q' Yq'q" Yqq' W^ï" 2 



CL/ (7,./, > 

— ~ cos (a 4 / — a q „) 



(48) 
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Sub-case (a). TJnequal Phase. 

We suppose that for a great number of molécules the mean différence 
of phase takes ail values from to 27t. Thus although terras like cos (a s — a s ,) 
may hâve a finite value for any pair of molécules, yet if we are considering 
the elastic or cohesive stress across an elementary plane area at a point, such 
terms will disappear owing to our having to take the mean for a very great 
number of molécules. "We may therefore omit them from the beginning, if 
we remember that we are not then dealing with any individual pair of molé- 
cules, but only with so much of the force between them as will appear 
after summing for a very great number of molécules. Thus the atoms, or some 
of them, in one molécule may attract or repel the atoms, or some of them, in a 
second molécule according as to the magnitude of the différence in phase, but 
we shall hâve the following results for <p s <ty s , and <2> a 4v if we take the mean value 
for a very great number of molécules of their mean time values as given in (47) 
and (48) 



tystys' 



<j>q4>s 



a s , 


1 

Sft s 

Yi 


Gf a s 
2 y SS ' 
, ct s , 1 

s ¥ss> Sfa 
Yqs ¥ss> à(*>s> 

\X/q ^S ^*f 

y q s yss" y s 


1 

O! 

2 ^ 

G s , 
2 

'S" (fy 

a q 


G} 
2 

i 


, a s 


a s r 


î 

a q 
Ym' 

' dq 
's' Yl 


1 O s rr 


Yss> 


Y**" 

>% a 


Y*'. 

s' 


(<W) a 2 

i o% - 


1 v s 


1 

-*s") 

1 


—v\, y q 


's' 

a s 


fyv 2 
- 1 O* 


r V Z s — 

1 


»l 


a ,,2 

q' *V 

G s ,r 

2 

Gqtr 


2' $l*q 2 


1 


< 





(49) 



v„ 



Vt, 



(■• 



(50) 



v q> *V Yq's' Yq'q" Y qq" (Ppq") 

The terms in the expression for <£> s <£ s > are of the order [_l/a]i and [1/a]*, 
while those in that for fyqfa' D-/ a 3* and [1/a]*- The former gives rise to the 
more important terms in the^ force function. Thus the most important terms 
of inter-molecular force are given by the force function 

1 a, , „„ . „„s 1 



U-— 2 



+ ? 



8np y, 



ïr(C?+G?,) 



it( 



aft 



..2 
Ys's" 



+ 



a% 



Yl>)\ 



al 



87tp <y S s> y**» Y* 






{^0 



al 



+ 



at 



+ 



a; 






(51) 



Pbarson : Eiher Squirts. 353 

To free this resuit from the great variety of inter-atomic distances we ought to 
replace l/y ss >, etc., by expressions in terms of îjy g g', etc., as in Art. 17, but we 
may replace l/y,,* straight away by l/y gg > if we neglect terms of the order 
[l/a]V 9 -, retaining those of the order [l/a]V*. Thus we can rewrite the above 
expression : 



Irïv y 99- ri A 
+ J 1 1 1 „ 2 \^\*0} 

8 ?*P 799'799"Ï9'9" i_J_ J__l_4.-J_i ÏS ' S " l V" » 



S- (52) 



3W' 7ro" Y as' 

I will now note the conclusions we can draw from this approximation to 
the value of Z7. 

a). ' Aspect ' does not influence inter-molecular action, at least in the prin- 
cipal terms. Indeed, although we hâve indicated that it would occur in terms 
of the order [1/a]", yet even hère in the case of an amorphic body it would 
disappear for the mean of a great nuinber of molécules. 

b). The modifying effect of the présence of a third molécule on the law of 
inter-molecular force between two others is not merely a feature of the second or 
higher approximations, but is fundamental to the first approximation ; i. e. so 
long as the third molécule is at distances from the first two of the same order 
as their distance, modifying action cannot be neglected. 

c). The first term in the force function is of the order [l/a]~V and négative, 
hence the corresponding force is répulsive ; the second term is of the order 
[l/a]V-, and so it might thus appear that two molécules must always repel each 
other. But it must be remembered that we hâve only taken the second term 
for a single modifying molécule, and that for the cohésion the second term would 
hâve to be summed over the whole sphère of inter-molecular influence. This 
summation would cause the term to rise in order, and we thus see that, if on the 
hypothesis of unequal phases the force between two molécules be attractive, ihen this 
attraction is sdlély due to the truthof the hypothesis of modified action; i. e. cohésion 
dépends on the truth of this hypothesis. 

d). While we thus see that the chief terms in U dépend on the action of kin- 
atoms, we hâve also noted that kin-atoms tend to produce a répulsive inter- 
molecular action, and unless their influence is counteracted by the modifying 
45 
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action of other molécules, we hâve a répulsive force between kin-atoms. If we 
consider the terms (which are of a higher order) in the force between non-kin- 
atoms and suppose the molécules absolutely alike so that a s = a s ,, G s = Cy , etc., 
we find 

<ftg<fts a q a, 1 1_ 



, -.10 v 1 , -.10 v 1 



' Ya'g" 7 gg" 799' ' 
to a first approximation. 

Hence the force between non-kin atoms of différent molécules will be attrac- 
tive if the atom whose free vibration has the shorter period (v s > v q ) be of such 
amplitude in vibrational flow that 

Now G s and G q will probably dépend to a very great extent on the period of 
any energy which may be in a state of transmission through the ether in the 
neighborhood of the atom. For example, light or heat energy of a period nearly 
equal to 27tjn s would tend greatly to affect G s but not G q , and energy of a period 
nearly equal to 27t/n g would affect (7 2 and not G s , thus we should expect the 
inter-molecular action of non-kin atoms to be even capable of changing its sign 
owing to the nature of the optic, thermal or electric field in which the molécules 
are placed. Thus thèse non-kin atom terms" in the force function would produce 
a secondary influence on the gênerai law of cohésion due to the conditions of the 
optic, thermal or electric field. Of course thèse conditions would also affect 
G s , G s , and G s „, but examining the value of U in (51), we see that to decrease or 
increase thèse quantities would, speaking very generally, be rather quantitative ; 
i. e. there would not be a distinctly opposite effect on U for a field in which 
energy of period 27t/n s and a field in which energy of period 2n/n q were fespec- 
tively prominent. The qualitative effect therefore of energy of différent periods 
would, if it is in any case sensible, hâve to be attributed to the action of non-kin 
atoms and the terms in U arising from (50). 

e). Since U consists of terms of opposite sign, and we hâve indicated that 
owing to the summation which we must make for a great number of modifying 
molécules, the second term may rise to equal order and importance with the first 
(see (c)), it follows that for a certain value of y gg , dU/dy gg , is zéro, or the inter- 
molecular force changes sign. This gives, then, a mean inter-molecular distance 
at which for défini te values of the (7's, i. e. for definite conditions of the thermal, 
optic and electric fields, the molécules exert no force on each other. If we bring 
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the molécules close r together they will repel; if we separate them, they will 
attract. This is the ordinary phenomena of elastic stress, and this change in the 
sign of inter-moïecular force seems an important addition to the discussion of cohé- 
sion as given in my first paper. It arises from the terms due to kin-atoms and 
the modifying action, which were neglected in thàt paper. 

f). The présence of a greater or less number of kin-atoms will obviously 
greatly influence the law of cohésion, although whether they will tend to increase 
or decrease the mean inter-molecular distance must dépend largely on the nature 
of the second terra of V"m (51) when we sum it for ail the modifying molécules. 
But the mean inter-molecular distance will settle the volume. Thus we should 
expect remarkable divergences in the volumetric analysis of quantities like 
OR 4 0, CzffgO, C 3 H s O or Ou z O, Gv^O^, etc.; and again, noteworthy variations 
in the elasticity and cohésion of steel as we introduce more and more carbon. 

It seems not improbable that some physical measure of the effect of kin- 
atoms on cohésion might be obtained from the cohésion of plates of différent 
substances when pressed together, the molécules of the two substances having no 
kin-atoms, or one or more kin-atoms in their structure. 

Sub-case (b). Uhequal Phase. 

20). I now pass to the considération of the value of the terms in the 
force fonction when the phases of kin-atoms in différent molécules are either 
equal or differ by less than n/2. The physical probability seems that if they 
do not take ail possible values they will only differ slightly (see §47 of my first 
paper), so that we hâve only to replace the cosines in (47) and (48) by a quanti ty 
e very nearly equal to unity in order to obtain in this sub-case the mean values 
of $ s <p s , and <£ 3 $ s ,. 

If we retain terms up to [1/a] 2 we can omit none of those given in (47) for 
q> s $ s >l if we retain only terms of order [1/a]* we may omit the second term 
in the bracket of first line and the last term ; if we retain only terms of the 
order [1/a]* we préserve only the terms in the first to the third lines, omitting 
second term of the first. Similarly for <£ 3 q> s , for 

approximation up to [l/a] a we retain ail terms. 

" " [l/a]ï " " but those in the third line. 

" C 1 /*]* " lst > 2d > 4tû > 9tn lines on] y- 

" E 1 /»] 1 " lst and 2d lines only. 

" " [l/a]l we need consider no terms in q> q q> s ,. 
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As we only wish to obtain a gênerai idea of inter-molecular force, let us adopt 
the approximation to the order [l/œ]ï. So far as the terms then dealt with are 
concerned, aspect will not enter into our value of the force function U, as it would 
in volve ternis of order [1/a] 5 , whereas we are only retaining those of order 
[l/a]¥. We find 
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(53) 



We may now deduce some gênerai results from this expression : 
a). Neglecting modifying action, the inter-molecular force varies as the 
inverse square* and is attractive. Thus for this case the force of cohésion could 
never become négative. Turning to the second and third terms, however, thèse 
give répulsive forces. The order of the part of the force due to the first term will 
be [I/o] 6 , while that due to the second and third of the order [l/a] J #. Thus the 
différence in order is not very great, and if the modifying action as expressed in 
the third term be summed for a great number of molécules, this terni may rise in 
order and possibly become so great that the force changes sign and becomes 
répulsive. The possibility of répulsive inter-molecular force would thus again 
dépend on the law of modified action. 

b). A distinction must be drawn between (a) of this article and (c) of the 
preceding article. For unequal phases the term of least order in the force is 
répulsive and of order [1/a]^. To account for a cohesive force and the neces- 
sary change in sign, we must suppose the attractive terms in the force of order 
[1/of)^ to become ail-important on summation for a great number of molécules. 
For equal phases the term of least order in the force is attractive and of order 
[1/a] 6 , and the necessary change of sign to explain cohésion is obtained by sup- 
posing terms of the order [1/«]V to rise into importance on summation. The 
latter seems a more reasonable hypothesis, as it would allow of the union of two 
solitary molécules, which the former would not. The former indeed indicates that 

*It must not be supposed that because this force varies as the ' inverse square', that cohésion is thus 
only a part of gravitating force, and so our theory be liable to the destructive criticism of Belli and 
others. That criticism is based, not on the power of the distance, but on the magnitude of the constant 
of variation being the same as in the case of gravitation. 
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only a certain number of molécules would be able to cohere at ail unless they 
were chosen with particular différences of phase. So far as I know, there are no 
physical facts which would point to any such sélective action on the part of molécules 
when uniting in small groups to form a solid. At the same time the phenomena 
of smell tell us that bodies must be continually throwing off and therefore repel- 
ling their external molécules. This must either mean a sufficient différence in 
phase to produce a répulsive force between molécules, or else that the modifying 
action on superficial molécules is not always sufficiently great to overcome the 
répulsive influence produce d by kin-atoms. Thus we should hâve to look upon 
smell on the hypothesis of nearly equal phase as a process by which individual 
eccentric or ' unsympathetic ' molécules — i. e. those whose atoms had a wide 
divergence of phase from that of the mean of their kin-atoms in the System — were 
gradually brought to the surface and ejected ; but on the hypothesis of unequal 
phase, smell would be due to the failure of sufficient " modifying action " at the 
surface. 

c). Re marks (a) and (b) of the previous article apply in this case also, while 
we may treat the law of force between non-kindred atoms by examining the 
first two terms of (48). For exactly like molécules we hâve, to a first approxi- 
mation, the term in the force function for the g th and s' tb atoms, 

Ygg' 7n 87t P v\ — v\ 

or there is an attractive force between the q th and s rtl1 atoms, 
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y*g, 2p v\v\ y sq 4t^ _4t£ 

But this force — 

1 / >y sq Yjatomic force between q tb and s th ) ,_ ^ 

^ V y g g' ) i atoms of one molécule. J ^ ' 

This follows by (17), if we only retain the lowest powers of F ss ,. Thus the inter- 
molecular force between the q th and s' th atoms is at once expressed in terms of 
the atomic force between q tlx and s th atoms. It will obviously be attractive or 
répulsive according to the sign of the " chemical affinity" or the last factor on 
right of (54). Thus, ceteris parïbw, the more difficult its molécule is to disassociate, 
the greater the cohésion of the substance. 
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21). Let us now pass to the third case when in ter-mole cular distance bears 
to inter-atomic the ratio of order given by [l/m] = [1/a] 2 . 

In this case Sfi s , 8{z s ,, fyv, are différent, being the roots of the cubic équation 
(26), which we may Write 

8(z /a s ,a s ,, , a s a s „ . a,a,A i 2 
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Thus n s , n s , and n s „ will differ, and thus the mean value of 

sin (n s t + a s ) sin (n s ,t -\- <x s ,) 
is zéro. From équations (39) to (41) we find 
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(56) 



In ail cases the summations are taken so as to exclude infinité terms. Substi- 
tuting the value of the a/s from p. 51, we may rewrite thèse expressions, 
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(57) 
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(58) 



Now the x's are of zéro order in [1/a] . Hence, if we want to find the value 
of $ s <p s , and <p q <p s , to the order [1/a] 3 , we must substitute for ni, 

n* = v* s {l + vî(n s + 8ii s )\ 

in the three first terms of 4>s$s'- Further, in the same ternis, when they occur 
in the force function, we must substitute the value of y ss , given in terms of y gg , 
on p. 58, thus introducing the aspect influence. Owing to the same arguments as 
I hâve before used, thèse terms in the aspect influence containing first powers 
of cosines (see p. 58) will vanish for an arnorphic body, when we are considering 
the law of cohesive force and not the force between any given individual pair of 
molécules. Thus the aspect influence would not be sensible below terms of the 
order [l/a] 6 , which it must, however, be remarked is the order of terms which 
the second, third and fourth lines of q> e ty s , contribute to the force. 

As we cannot express analytically the solution of the cubic (56), we cannot 
substitute the value of n s and x' s , etc., in terms of y s „ s ,, y s „ s and y^, ; thus it is 
impossible to reduce the value of <£ s <£v to terms in y g > g », y gg -> and y g , g , and so 
show the exact nature of the aspect influence. But we may note that the aspect 
influence when [1/w] is of the order [l/a] 2 plays a much larger part in the 
inter-molecular force than previously. Hence if the nearness of the molécules of 
a solid is of this order we should expect ' aspect ' as well as ' modified action ' 
to contribute towards the probability of multi-constancy. 

The whole of the reasoning for this case is independent of the equality or 
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inequality of the phases. Thus, so far as the hypothèses of ' aspect ' and ' modi- 
fied action' are concerned, we might conclude from the présent theory that — 

(i). Neither has sensible influence if [1/w] is not comparable with [1/a] 3 . 

(ii). The latter only has " " is comparable with [1/a] 3 . 

(iii). Both hâve " " " " [l/«] a . 

In the third case, however, only the latter action influences the terms of the 
very first importance in inter-molecular force. 

Returning now to the formulae (57) and (58), suppose we retain only the 
terms to order [l/a] 8 in the force function, neglecting also those aspect influence 
terms which, although of this order, would in the case of an amorphic solid dis- 
appear for the mean of a great number of molécules. We find 
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Hère the first sum is to take every possible value of s with the corresponding 
values of s' and s", while the last three double sums are with regard to ail values 
of s and q, except s =■ q. 

We cannot express the inter-molecular force as some simple inverse power 
of inter-molecular distances, as the x's are complicated functions of those dis- 
tances involving the modifying action. We are still able, however, to deduce 
some gênerai results from the above value of U. 

a). The force between two molécules (when [l/w] is of the order [1/a] 2 , 
dépends, so far as its chief terms are concerned, on the influence of kin-atoms) 
either in that which they exert directly on each other or on that indirect influ- 
ence which they hâve in forcing pulsations of their own mutually modified 
periods upon their colleagues in their respective groups. 

b). If we examine the values of the x's given Art. 16, we see that if [l/»w] 
be not of order [l/«] a , they are négative, as the second terms in both numerator 
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and denoniinator are small as compared with the first. If the second term in 
either grows in importance, x will still remain négative so long as our approxi- 
mation to its value remains true, or otherwise % would pass through either zéro 
or inBnity, neither of which is admissible. Thus the first two terms of the first 
line of U will remain négative. Hence the force will be répulsive unless the 
third term summed for every modifying molécule rises to a greater value than 
the first two. Now x will I think always be necessarily less than unity, hence 
the third term of the order x* is less than the first two in order of magnitude. 
It may or may not, however, rise owing to the summation for ail modifying 
molécules. The possibility, I should prefer to say probability, of the inter- 
molecular force becoming négative for [1/m] = [l/a] a is, however, sufficiently 
clear. 

22). If the above discussion on cohésion has seemed to a certain extent 
inclusive, this is only partially due to the complexity of the formulae, which, 
under any theory of cohésion, are bound to be complex if they are to explain 
the enormous variety of physical phenomena which we may include under that 
head. The real difficulty of the discussion lies rather in our ignorance as to 
whether — 

a). Like atoms in différent molécules hâve the same or nearly the same 
phase or not. 

/?). Molecular distance is comparable with atomic, and if so, what is the 
exact degree of the comparison. 

The discussion, however, seems to hâve brought out a good deal that 
remained obscure in the treatment of cohésion in my first paper. It has, I think, 
shown that the ether squirt theory — 

a). Leads to multi-constant équations of elasticity as a resuit rather of the 
truth of the ' hypothesis of modified action ' than of that of ' aspect.' 

/3). Suggests that it is to the mutual influence of kin-atoms in différent 
molécules that we must look for explanation of many of the facts of cohésion as 
well as for the origin of bands and other phenomena of spectrum analysis. 

y). Accounts for a change in sign as well as for a total change in character 
of the law of inter-molecular force as we vary the mean inter-molecular distance 
from something incomparably greater than inter-atomic distance down to dis- 
tances of the order [l/a] a . 

S). Enables us finally to lay aside for heavy matter ail notion of ' force or 
46 
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action at a distance.' Ail such force is only apparent, arising froin the terms 
in the kinetic energy of the whole system due to the insensible motion of the 
ether. 

23). It must be remembered that the conclusions of this paper do not 
replace but supplément the results obtained in the three previous papers. The 
laws of chemical action and the theory of the spectrum given in the first paper, 
the theory of optic and magnetic phenomena developed in the second paper, and 
lastly, the équations of generalized elasticity as discussed in the third paper, 
ail flow as readily from the ether squirt as from the pulsating spherical atom. 
The former atom is, therefore, even better suited than the latter to be used as a 
model dynamical system for deducing the differential équations which express the 
laws of physical phenomena. It is, some may think, unlikely that the molécule is 
really a group of ether squirts, but the molécule is a dynamical system, and any 
model of a molécule which does not contradict obvious physical facts, but goes a 
long way to explain those facts, cannot but be suggestive as to the nature of the 
laws governing real molecular Systems. The modifying action of kin-atoms in 
like molécules seems a suggestion of this kind sufficiently valuable to make it 
worth while to study closely the ether squirt hypothesis. 

The application of this hypothesis to the generalized équations of elasticity 
and to the laws Connecting pressure and volume in a gas must be deferred for 
the présent, considering the great length to which this paper has already run. 



